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Abstract

This is the lecture note of the mini-course "Quantum Field Theory" for the 2025

summer school on geometry and topology at Sichuan University.

Contents

1 Introduction
1.1 Action Principle . . . . . . . . . . ...
1.2 Observable Algebra . . . . . . .. ... ... ...

2 Cohomology and Integration
2.1  De Rham Cohomology . . . . . . . . . .. ... ... ...
2.2 Cohomology v.s. Integration . . . . .. ... ... ... .. .....

3 Classical Field Theory
3.1 Equation of Motion . . . . ... ... ... 0oL
3.2 Noether’s Theorem . . ... ... ... ... ... .. ........
3.3  Gauge Symmetry . . .. ..o

4 Algebraic Aspects of Symmetry
4.1  Chevalley-Eilenberg Complex . . . . . .. . ... ... ... ....
4.2  Differential Graded Lie Algebra (DGLA) . . . ... ... ... ...
4.3 Homotopy Lie algebra (Loo-algebra) . . . . .. ... ... ... ...

5 Perturbative Expansion
5.1 Wick’s Theorem . . . . . . . . . . .. ... .. ...
5.2  Feynman Graph Expansion . . . . . .. ... ... ... .......
5.3 Green’s Function . . . . . . .. ... .. ...
5.4 Canonical Quantization . . . . . .. ... ... .. ... ... ...
5.5 Counter-term and Renormalization . . . .. ... ... .......

6 BRST-BV Formalism
6.1 Quotient and Ghost . . . . . . ... ... . L
6.2 Polyvector Fields. . . . . . . . .. ... o
6.3 Batalin-Vilkovisky (BV) Algebra . . . . .. ... .. ... ... ...
6.4 Classical BV Master Equation . . . .. ... ... ... .......
6.5 Quantum BV Master Equation . . . . . . ... ... ... ... ...
6.6 Deformation-Obstruction Theory . . . . . . . .. .. ... ... ...

15
15
17
21

23
23
25
29

31
31
34
38
40
45



1 INTRODUCTION Si Li

7 Effective Theory of BV Quantization 61
7.1  (-1)-shifted Symplectic Structure . . . . . . .. ... ... 61
7.2  Effective Renormalization . . . . . . . .. .. ... oo 64
7.3 Heat Kernel Regularization . . . . . . ... ... ... ... ..... 68
7.4 UV Finite Theory . . . . . . . . . .. . .. 69
8 Factorization Algebra 71
8.1 Prefactorization Algebra . . . . . .. ... Lo 71
8.2 Factorization Algebra . . . . . . . . ... 73
9 Topological Quantum Mechanics 77
9.1 Deformation quantization . . . . . . . .. ... ... ... ... ... 77
9.2 Fedosov quantization . . . . .. ... ... 79
9.3 Algebraic Index Theorem . . . . . . . ... ... ... ... ..... 80
9.4 Local Theory . . . . . . . . . . e 81
9.5 Global Theory . . . . . . . .. .. 87
10 Two-dim Chiral QFT 93
10.1 Vertex algebra . . . . . . . ... 93
10.2 Chiral deformation of Sy —besystems . . . . . . ... ... 95
10.3 Regularized integral and UV finiteness . . . . . . . . . .. ... ... 97
10.4 Homological Aspects of BV quantization . . ... .. .. ... ... 98
10.5 Chiral Chain Complex . . . . . . . . .. .. . o0 99
10.6 2d — 1d reduction . . . . . . .. ..o 100
References 101

I would like to begin by apologizing for the hastily prepared nature of this
note. It was initiated to accompany the mini-course on quantum field theory that I
taught during the 2025 summer school at Sichuan University. This was an intensive
program featuring 30 hours of lectures over 10 days. These materials were compiled
on the fly, serving as a survival guide for both myself and the students. The topics
covered reflect my personal perspective and are by no means exhaustive. I sincerely
apologize for any omissions in references and for potential errors or typos that may
remain. Nevertheless, I hope these notes may prove useful to someone.

I would like to thank Prof Bin Zhang for inviting me into this program, and
thank Han Liu and Qiyuan Chen to help type an early version of my lectures. I
will polish and update this note later when I get more time. New versions will be
updated on my homepage: https://sili-math.github.io/.

1 Introduction

1.1 Action Principle

A physics system is usually described (though not always) by a map
S: & —k k=Ror C

where € is called the space of fields and the functional S is called the action. The
space & of fields is usually infinite-dimensional. Here are some typical examples.
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o Scalar Field Theory. € = C*°(X). A possible action looks like

1

st =5 | (VoP+m?e?)  oee

o Gauge Theory. & = {connection A on vector bundles}. In Yang-Mills theory,
Y M[A] = i/Tr(F/\ < F)
where F' = dA + 1[A, A] is the curvature for A. In Chern-Simons theory
1 1
CS[A] = / r <A AdA+ SAN[A, A])
M 2 6

where M is a three dimensional manifold.
e o-model. &€ ={maps ¥ — X}. The fields are maps between two manifolds.

o Gravity. & = {metrics on X}. The fields are metrics on a manifold X.

Sometimes we can reduce problems in the infinite dimensional quantum fields
to finite-dimensional geometry via methods such that cut-off, discretization, local-
ization, etc.. Such reduction has led to many profound mathematical predictions.

In classical physics, the equation of motion describes the extremal configurations
of the action. They can be viewed as the critical points of S

Crit(S) = {6S = 0}

in terms of variational method. Many interesting equations arise in this way, such
that Laplace equation, Yang-Mills equation, etc.

In quantum physics, we are interested in quantum correlation of observables.
Roughly speaking, an observable O is a function on the space € of fields. One
popular approach to quantum correlation takes the following form

<O>oc/eés(9
&

which is called the Feynman path integral. This is an infinite dimensional integral
where the measure is mostly unknown in mathematical rigor. One example where
such infinite dimensional integral theory is known is the Wiener integral for the
Brownian motion. This can be viewed as quantum mechanics with imaginary
time and has been a fundamental concept in stochastic calculus. In general, the
mathematical construction of such integrals of fields is one of the most challenging
problem in quantum field theory.

On the other hand, we can obtain partial information in terms of asymptotic
analysis (in /). This is called perturbative theory which has solid foundation in
terms of renormalization theory. We will explain in details the construction of
perturbative renormalization theory in this note.

1.2 Observable Algebra

Observables form rich algebraic structures in quanatum field theory (QFT). To
illustrate this, consider QFT on a spacetime manifold X, and & is the space of
sections of a vector bundle E, denoted &€ = I'(X, E'). We want to understand

Lo

3
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e When X = point, F = vector space, say, R". Then the space of fields £ = R"
and |, ¢ leads to the usual calculus that we learned in high school.

e When dim X > 0 (i.e. X is not a point) and there is a fiber E,, (for example,
a linear space) at each point p € X. But

¢# [ E»
peX
The topology of X makes a difference which leads to new algebraic structures.
Ly

X

Roughly speaking, observables are functions on fields, which we denote by
0 (&). For example, distributions are linear observables. The new structures come
from the following fact. Given an open subset U C X, we can talk about observables
Obs(U) supported in U

Obs(U) = functions on E(U) =T'(U, E).
Example 1.1. € = C®(X), p € X. Consider

(91 : & — R
fo=0uf) = flp)

01 is an observable supported in any open neighborhood of p.

Given disjoint open subsets U; C V' contained in an open set V', such that the
disjoint union is [ [, U; C V, we have a map (factorization product) for observables:

X) Obs(U;) — Obs (V).

Intuitively, if E(U) is restricted to €(U;), then dually O(E(U;)) — O(E(U)).
Naively, we can multiply those functions, then we get

X) Obs(U;) — Obs (V).

This, however, requires further quantum corrections in which fields in U;’s may
“talk” to each other. This algebraic structure is called the operator product
expansion (OPE) in physics or factorization product in mathematics. Such
mathematical theory of observable algebras in QFT are developed in the works of:

o Beilinson-Drinfeld [5]

— developed factorization algebra to formulate 2d chiral conformal field
theory (CFT), and introduced the notion of chiral homology.

o Costello-Gwilliam [11]

— constructed factorization algebras from perturbative renormalization the-
ory, in the Batalin-Vilkovisky (BV) formalism [3].

4
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Example 1.2 (Topological Quantum Mechanics (TQM)). In topological QFT,
Obs(U) only depends on the topology of U. Consider dim X = 1 (a 1d QFT is
a quantum mechanics) and Obs(U) = A for any contractible open interval U. Now
consider two open intervals Uy, Uy on X and embed them into a larger interval V.

Uy Us

l

Vv

In topological theory, the factorization product does not depend on the location
and size. This leads to a map

Obs(U;1) ® Obs(Usz) — Obs(V) or A® A — A.

We find an associative algebra! We can also add boundary.

N A M

| [ [ |
i \

—
[
1

\/
—T

Then we get AQ M — M, which implies that M is a left A-module. Similarly,
N is a right A-module. Above all, quantum mechanics studies operator algebras and
their representation (modules).

The appearing algebraic structure in this example has a homological interpre-
tation as follows. Consider two operators being placed at two different points on
a line. When one operator approaches closely the other, the algebraic structure of
the topology of the line comes from the homology group

Ho(R —{0}) = Ho(R — {0}) = Zicft ® Zyright

which comprises the left and right multiplications. Associativity comes from a
further consistency:

U, Us Us

Sy
UU/

U1 U2 U3 US

Ur

= (a-b)-c=a-(b-¢), a,b,ceObs(U;), i=1,2,3.

bt
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Example 1.3 (2d Chiral QFT). Let dim X = 2. The factorization product of a
two-dimensional (2d) chiral theory is holomorphic.

X

In holomorphic coordinates, when an operator approach (or wind around) the other
on X, the winding number can be expressed via their Fourier/Laurent modes:

(AwB) (w)
(z —w)rtl”

A(z)B(w) =)

ne”L

We find co-ly many “products” (or binary operations) {A(n)B}. In this case, the
observable algebra gives rise to a vertex operator algebra.

These examples play an fundamental role to guide us through the general con-
structions in quantum field theory, as we will see along this note.
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2 Cohomology and Integration

2.1 De Rham Cohomology

We discuss some algebraic and geometric aspects of "integration" that will help us
to understand quantum field theory constructions later.

Definition 2.1. A cochain complex over ring R is a sequence of R-module maps

Lot on dy oty
such that d,d,+1 = 0. We denote it by (C*®,d), where d,, = d|c» and d? = 0.
Condition dy,d,+1 = 0 implies
Im(dn,—1) C Ker(dy).
Thus we can define the R-module

e gy Ferldn)
H™(C*,d) = o

which is called the n-th cohomology group of (C*,d). This is the dual notion
of chain complex and homology group.
De Rham Complex

Let us now consider a geometric example in calculus. Let U C R™ be an open set,
and {x!,..2"} be its coordinates. Introduce

Q°(U) = {smooth functions on U} = C*(U)
QY (U) = {smooth 1-forms on U}.

An element a € Q'(U) can be written as
a= Zai(w)dxi c QY U), a; € C™(U).
i=1

The total differential gives a map
0OU) -L o4 (U)
fredf =) 0fda’

which can be extended to a cochain complex

QU) % QL) L QXU — .. 4 anu)

where
QP(U) = {smooth p-forms on U}.
An element £ € QP(U) takes the form
E= Z §i1mip(x)dxi1 A . Adz®

i1,eip
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with &;..i,(z) € C*°(U) and the skew-symmetry property
de' Nda? = —da? A dat, i, j
In particular, dz! A dz* = 0. Thus we can also write

U= @ CxU)da" A Adat.

1§i1<...<ip§n

The de Rham differential d : QP(U) — QPTH(U) is defined by

d(§) = Z axk&l___ipdxk Adx™ A A da'.

i1,.ip.k
Check: d? = 0. Thus
Q) % QL U) S QX(U) — ... — QY (U)
defines a cochain complex called the de Rham complex and denoted by (2*(U), d).

Definition 2.2. A p-form « € QP is called
e closed if daa =0
e exact if @ = df for some p — 1 form 5.

The quotient space

. closed p-form
Hp(U) = HY(Q",d) = ——————

exact p-form
is called the p-th de Rham cohomology.

One important property is that the de Rham differential d is intrinsic: it does
not depend on the choice of coordinates. Therefore we can define (2*(M),d) on
a smooth manifold M by gluing the above local construction. Then the de Rham

cohomology on manifold
HP(M) = HY,(M)

is well-defined. We can also consider (§2(M), d) where

Q5 (M) = {p-form on M with compact support}.

c

Then we can define de Rham cohomology with compact support

HE (M) = HP(Q.(M), d).

[

Stokes’ Theorem

Let X C R™ be a p-dimensional surface. Let 0K be the boundary of K. The
orientation of X determines an orientation of 0K as follows. Let z € X and 7, be
an outward normal vector field on 90X, i.e., 7, is tangent at K and directed to the
exterior of X.
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oK

Then an Ol“iented parametriza' iOIl T PR 71 Of afK iS Such thal ’I?,x, Ty " ; 1
or or

Theorem 2.3 (Stokes’ Theorem).

futo= f

Here « is a smooth (p — 1)-form.

Example 2.4. Consider the case n =p = 2. Let

o = oy (x)dzt 4 ao(x)dz®. da =

// %—% dzt A da? —/ o1 (z)da' + ag(x)dx?
8.’1)1 oK

This gives Green’s Theorem.

Then

Example 2.5. Consider the case n =p = 3. Let
o = ap(z)de? A da® + as(x)da® A dot + az(x)da A da?.

. 80[1 8012 8043
da= <8a:1 T2 T o

) dat A dx® A dxd.

Then

Oa;  Oag  Oas 1 9 3 // 9 3 3 1 1 2
dr Ndx“Ndz® = dx*Nd dz’Nd dxNdx”.
/// <8m1 92 + 81“3) x Adx*Ndx 8Kozl(a:) r Ndx”+ag(z)dz’ Adx ' +as(z)de Adx

This is the integral theorem of Gauss.

As an application of Stokes’ Theorem, consider two regions K; and Xy which
are the boundary of a region M as illustrated in the figure below.

OM = Ky — K.

Here the =+ sign is about the orientation.

G .

X1
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Let o be a closed form

Then

In particular, fg{ a will be invariant under any smooth deformation of X if da = 0.

Example 2.6. Let a € QY(R") and da = 0. Let p,q € R"™ be two points. Define

Joste

by choosing any smooth path v connecting p and q. It does not depend on the choice
of v since any such path 1 can be continuously deformed to another 2. Then

/ Q@ :/ o by Stokes’ Theorem.
71 Y2

a!

p
72
Example 2.7. Consider U = R? — {0} and
dy — yd
o= % da = 0.
T +y
We consider two paths from p = —1 to q = 1 by following the upper and lower
semicircle.
72
p q
!

10
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Since there is a hole in the middle, v1 can not be deformed to vy inside the region
U. This can be also seen by computing

/%a_/wa:yﬁca.

C

In terms of polar coordinates x = rcosf, y = rsinf,

2
a=db, yga:/ df =27 # 0.
C 0

2.2 Cohomology v.s. Integration

Theorem 2.8 (Poincaré Lemma).

R, p=0
0, p>0

R, p=n
0, p#n

A generator of H°(R™) is the constant function f = 1. A generator of H*(R") is a
compactly supported form o = f(x)d"z, where f € CP(R"), such that [p, o =1.

HP(R") = { HY(R") = {

Observe that any n-form a € Q7 (R"™) is closed. On the other hand, if o = df

for 8 € Q~1(R"), then
/ndﬁ:/f(dﬁz aKﬁZO

where K is a large enough ball. The integration map

. HMR") — R

Rn
ow—)/a

is the isomorphism described in the Poincaré Lemma. Viewed differently, the map

Poincar

() — oy @) L
a— [af

sending a top n-form to its cohomology class determines precisely the integration
(up to a rescaling constant). Thus

<~ H!
R

i.e. "integration" can be modeled by a homological operation. This viewpoint will
play an important role in our later discussion on perturbative quantization.
The rest of this subsection is devoted to prove the Poincaré Lemma.

11
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Cartan Formula

We first introduce some useful notions in differential geometry. Let
Vect(M) = smooth vector fields on a manifold M.

A vector field V' € Vect(M) can be expressed in coordinate as

V()= Vi)

We can view V as a lst-order differential operator

V: C®(M) — C®(M)

V() =Y Vgt

which satisfies the leibniz rule (i.e. defines a derivation): V(fg) = V(f)g+ fV(9).
Vect(M) forms a Lie algebra with bracket

[—, =] : Vect(M) x Vect(M) — Vect(M)
(VW) — [V, W]

This bracket satisfies the following properties:

e As differential operators
[V.WI(f) == V(W(f) =WV (f))

o Explicitly in coordinates

0

VW] =2 (VW) =W (V)5

o Jacobi-Identity
[V, (W, T]| + W, [T, V]| + [T, [V, W]] = 0

We can view Vect(M) formally as the Lie algebra of the group Diff(M) of
diffeomorphisms of M. Assume V generates a flow on M

p:(—€,e) x M — M
(t,z) — p(t,z)

satisfying ¢(0,x) = x and W = V(o).
Denote

oM — M
x — p(t,x)

which satisfies the group property: oo = Id, ©ips = pirs, ¢ ' = ¢_;. Then

V(@)= =1 flei(x))

t=0

represents the infinitesimal change of f along the flow generated by V.

12
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This formalism can be generalized to differential forms. Recall a smooth map
¢p: X —Y
z—y' = ¢'(x)
allows us to define the "pull-back" map
¢"QP(Y) — Q(X)

by sending a = > o, i, (y)dy™ A ... Ady® to

¢ (@) =Y iy iy ($(2))dg™ () A ..d™ ().
In particular, the flow ¢; generated by V leads to
ot QP(M) — QP(M).
Definition 2.9. We define the Lie derivative .24, on differential forms by
Ly QP = QP

a— Ly(a) = f (a)

dt g

On the other hand, the natural pairing between vector fields and 1-forms leads
to the notion of interior product.

Definition 2.10. We define the interior product ¢y on differential forms
o QP — QP!
Ly
by
vy (.., (x)dmil A ...dmi") = Z ozilml-pLV(dﬂl) A .. Adzt?
— Z ail,,,ipd:ril A Lv(dl‘iQ) A . Adz®

4o (=P Zail_,_ipdxil A e Ay (dz'®).

Here for V =Y, V() 82“ v (da') = Vi(z).

Now we have three operators

d:QF — Qrtt
fv:QP%QP

Ly QP — QP
There are related by Cartan’s Magic Formula:
L =duy +uyd.

The above relation can be further extended as follows.

Proposition 2.11. Let V,W € Vect(U). Then as operators on Q°*(U),
o [H, L] =Ly — Lw Ly = Ly

o yiw + ey = 0.

13



\S}

COHOMOLOGY AND INTEGRATION

Si Li

o G d = Bd—dL =0.
e wyd+diy =% .
o [.iﬂv, Lw] = fvbw — LWD%V = L[V7W]'

Proof of Poincaré Lemma. We prove the case for HP(R™) and leave the case with
compact support to the reader. Consider the diffeomorphims

gOtZRn—>Rn

(zt,..2") — (e'2!, ..., ela™)

which is the flow generated by the vector field V = 3~ a° a?ci' Observe ¢g = Id and
¥_oo is the constant map

Y_0o : R" — {0} € R"
Assume p > 0 and let a € QP(R"™) be a closed form: da = 0. Since
pola) =a,  ¢lo(a) =0
we have
a =pp(e) = ploo(e)
0 d
- [ et

0
- / L (i ()t
0

:/ (dvy + vyd)(p; (av))dt.

Here we have used Cartan’s formula.
Since dgj (o) = ¢j(da) = 0 by closedness of «, we can further simplify

o=/ Ooo w(gila)dt) = a5

where = ffoo v (of(a))dt. This shows HP(R™) =0 for p > 0.. For p=0
feH'R") = df=0 = [ = const.

Thus H°(R") = R. O

14
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3 Classical Field Theory

3.1 Equation of Motion
Consider a classical field theory described by an action functional S

S:& —R/C.

Typically, € will be the space of smooth sections of a vector bundle F over a
manifold X. We assume X is n-dimensional and oriented, then S will be a local
functional with a Lagrangian density . valued in n-forms on X,

Slg) = /X 2(6), dekt.

The Lagrangian density is built up by jets of ¢, i.e. by ¢ and its derivatives.

Example 3.1 (Mechanics on Phase Space). In Hamiltonian mechanics, we can
describe a field ¢ by a path on the phase space R*™ parametrized by time t,

¢ ={qd't),pi(t)} : R — R®™

Thus the space of fields is
& = C®(R)®*™

can be identified with the space of smooth sections of a trivial bundle over X = R.
The action S is constructed from a Hamiltonian function H on the phase space,

Sl¢] = /pidqi — H(q,p)dt

- / (i () () — H(g,p))dt.

Since a path here is a 1-dim object, we can view quantum mechanics as a 1-dim
quantum field theory.

Example 3.2 (Scalar Field Theory). Let (X,g) be a Riemannian manifold and €
be the space of smooth functions C*°(X). Consider the action

Stél = [ (5196 + Vie)vel,

where |V¢|? = @-gb@jqbgij, with a potential function V' and the volume form dVol, =
V9 d"x. Assume X has no boundary, then we can also write

Siel= [ (= 500+ V(@)ava,,

where A is the Laplace-Beltrami operator (—A is a positive operator)
1
V9

For X = R™ with standard metric g = (dz')? + (dz?)? + - - + (dz™)?,
82
ZZ,: ox'oz!

15
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Example 3.3 (Chern-Simons Theory). Let X be a 3-fold and g be a semi-simple
Lie algebra with the non-degenerate trace pairing (Killing form) Tr : g @ g — R.
For simplicity, consider a trivial bundle and

€ =0'(X,g)

is the space of g-valued 1-forms. The Chern-Simons action is
1 1
CS[A —/ Tr(yANdA+ SAA[AA), Ace
X

where [—, —| is the generalized Lie bracket defined by
[Oé @ 61>B ® 62] = (a A 6) ® [617 62]’ f07’ a,B € Ql(X)v € € 9.
Remark 3.4. See [11] for topological classifications of Chern-Simons in general.

We assume X has no boundary in the following discussion. The classical solu-
tions are critical points of S,

Crit(S) = {65 =0} C €.

Consider an arbitrary variation d¢. We can always use integration by parts to
write the variation of the action as

0S = / EL(¢)d¢.
X
Since d¢ is arbitrary, we obtain the classial equation of motion
Crit(S) ={¢: EL(¢) =0}

which is also called the Euler-Lagrangian equation.

Example 3.5 (Mechanics on Phase Space). The action functional is

Slq,p] = / (pd — H(q,p))dt.

Its variation is computed by

. d oH OH
58 = / [6pg +pa(5q) — (a—qéq + a—pép)]dt
. ) oH O0H
= / (46p — péq — 875(1 — 8fp5p)dt

. OH ., OH

The classical equation of motion is the Hamilton’s equations

- _ OH
- _0H
P=""%

Example 3.6 (Scalar Field Theory).
1
Sidl = [ (51V67 + V(o) aval,

16
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whose variation leads to

58 = / (Vo - Voo + V' ($)5¢)dVol,
X

= /X (= (A¢)dg + V'(¢)dg)dV ol
The classical equation of motion is
—A¢p+V'(¢) =0.
Example 3.7 (Chern-Simons Theory).
CS[A] = / Tr (CANdA+ SAN[AA)).
X 2 6
Its variation gives

505—/ Tr (A A dA + %514/\ A, A))
X

= / Tr(JA N Fa),
X

where Fy = dA + %[A, A] is the curvature of A. The classical equation of motion
Fra=0

describes flat connections.

3.2 Noether’s Theorem
Symmetry

Assume we have a classical theory
S:& —R/C.
By a (classical) symmetry, we mean a group G acting on € such that S is G-invariant

Slg(¢)] = S[¢] Vg eG.

There are two types of classical symmetries, discrete symmetries with discrete group
and continuous symmetries with Lie groups.

Example 3.8. Consider mechanics on a phase space with action

Slg, pl = / (g — H(g,p))dt.

Here the Hamiltonian H is time-independent. There is a smooth action of Lie
group R on € by time translation. For a € R, we define v : € — &€ as

{q(t), p(t)} — {q(t + a), p(t +a)}.

For any a € R, S is invariant under ¢q. This gives a continuous symmetry.
Consider a particular Hamiltonian

1
H(g,p) = 51)2 +V(q),

where V' is an even function. Then we have a discrete Zo-symmetry. Denote by o
the generator of Zo. Then this symmetry is given by

o:(q,p) = (—q,—p).

17
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Classical Noether’s Theorem

Assume we have a continuous symmetry by a connected Lie group G with Lie
algebra g. Suppose the infinitesimal transformation takes the form

88¢ = e*Xa(9)
with infinitesimal constants € parametrizing elements in g.

Example 3.9. The infinitesimal transformation of time translation is

S = Bt +€) — d(t) = ed(t),

and X(¢) = ¢.

Assume X is n-dim oriented manifold and we have a Lagrangian density on X

széz@.

G-invariance of S can be expressed at the infinitesimal level by
08 L = “dkq

where k,’s are (n — 1)-forms. Note that k, is only defined up to d-closed forms.
On the other hand, for arbitrary variation

5.8 = EL(¢)0¢ + dy

where dv is an exact n-form that arises from integration by parts. Plug into the
special variation by symmetry &, we can write

5€G$ = EL(¢) " Xa(¢) + d(eva)
= ¢*(EL(¢) X(¢) + dya),

for some 7, that is determined by v and X,,.
Comparing the above two expressions on §%.%, we obtain

(A0 — o) + EL(6) Xa(6)) = 0.
Since ¢* are arbitrary, we find
dJo,+ EL X =0, where Jo = Vo — Ka-
In particular, at the configuration satisfying the equation of motion EL(¢) = 0,

dJa‘cm(S) =0.

Jo leads to conserved quantities as follows. Let Y7,Y> C X be two codim=1
hypersurfaces which are homologous by . Stokes’ theorem implies that for ¢ €

Crit(S)
Aﬂd@—ﬂfﬁ@_égh_édh_g

In particular, if X is the spacetime and Y; is a time slice at ¢, then the integral
fYt Jo is independent of ¢ assuming ¢ satisfies the equation of motion. J, is called
the conserved current and the spatial integral fYt Jo is called the conserved
charge.

The above argument shows that continuous symmetries correspond to conserved
currents. This is the content of Noether’s theorem.
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e

Example 3.10. Consider mechanics on the phase space

Sz/(pr—H(q,p))dt-

The variation of S is computed to be

. . d
0L = (¢ — 0pH)op — (p+ 0y H)dq + a(P&I)

For the infinitesimal time translation

0eq = €q, Ocp = €p

we have
d
0. =e—%.
dt
In terms of the notions above, we find
Y =pi k=2

Noether’s theorem says that
J=vy—k=p¢— % =H.

is conserved if we impose the Hamilton’s equation. This fact can be directly verified

d
T H = 0,Hp + 0y = ~0,HO, H + 0,HO,H = 0.

We arrive at the result: time-translation symmetry implies energy conservation.

There is an equivalent way to derive the conserved current as follows. We
promote the constant € to be a function €*(z) on X and consider the variation

08¢ = & (2)Xa(0).

Using integration by parts and the G-invariance of S, we can always write
688 = — / edJ,

which vanishes when €* = ¢* is a constant.

On the equation of motion, 65 = 0 for any variation §¢. Applied to the special
variation (5»? ¢ and using the arbitrarines of €(z), we find dja = 0 on the equation
of motion. This is the Noether current.

Comparing with the previous computation and using dJ, + EL X =0,

5§SZ/EL 5§¢:/E°‘EL %a:—/EadJa.

Thus J, = ja modulo d-closed forms.
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Example 3.11. We use the second method to compute the time translation for
S = / (pg — H(g,p))dt.

The promoted infinitesimal transformation is
0z = &
Plugging in to the variation,
§:5 = /Ediﬂ—k'gpq’: —/’e“d(p(J—.Z) = /eH.
dt dt dt
We find again J=H.

Spontaneous Symmetry Breaking

Assume G is a symmetry, then there is a G-action on the space of classical solutions.
However, given ¢ € Crit(S) a classical solution, ¢ may not be G-fixed itself. In
this case we say the symmetry is spontaneously broken.

Example 3.12. Consider

1

S = /(m - H)dt, H= 5192 +V(q)

where V(q) = V(—q). We have a Za-symmetry. The equation of motion is

g=9L=p
: OH
D= =53¢ = V(9.

Assume V'(a) = 0. Then the path

{Q(t) =a
p(t) =0

solves the equation of motion, but not preserved by Zo.

LA
VARV

Figure 1: Spontaneous Symmetry Breaking
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3.3 Gauge Symmetry

Gauge symmetries are symmetries by local transformations. Let X be the space-
time manifold. Roughly speaking, locality here says the set of infinitesimal gauge
transformations is a C°°(X)-module. The notion of gauge transformations was
introduced by H. Weyl.

Example 3.13 (Maxwell’s Equations).

where E = (B, By, E.) and B = (Bz, By, B;) are the electric field and the magnetic
field while j: (Ja» Jy»J=) is the current density. Introduce a 2-form on R3:1

F = (Eydx + Eydy + E.dz) A dt + Bydy N dz + Bydz A dx + B.dz A\ dy

and 1-form
1 . ‘ .
gpdt — po(jzdz + jydy + j.dz).

J:

Then Mazwell’s equations can be rewritten in a compact form as

dF =0
d(xF) = *J,

w1 QP(R3) — QPR3

is the Hodge star operator with respect to the Minkowski metric. The compatibility
condition d(xJ) = 0 turns out to be the charge conservation.

On the contractible space R3', dF = 0 implies F = dA for a potential 1-form
A, which can be decomposed as scalar potential and vector potential

where

A= —¢dt + A = —¢dt + Apdx + Aydy + A.dz.
Then we can rewrite the Mazwell’s equations as
E=-V¢— A
B =V xA.

The gauge transformation is parametrized by an arbitary 0-form x which trans-
forms A to A+ dx and preserves F = dA.
Introduce the action functional

1 1
S[A] = — “FAxF +xJ NA.
to Jr3s1 2
Under the variation A — A+ 0A,
55:i OF N+F +xJ NJA
Ho Jr3:L
:i dSAN*E — AN xJ
Ho JRrs3.1
1
= — OAN (d(xF) — xJ).
Ho JRr3.1 ( (F) )

21



3

CLASSICAL FIELD THEORY

Si Li

The equation of motion is read off by
d(xF) —xJ =0,

which is precisely Mazwell’s equations.
Under the gauge transformation A — A + dy,

1 1
5XS—/ xJ Ndxy = — d(xJ) A x =0.
R3:1

Ho Ho JRr3.1

The last equality follows from the charge conservation d(xJ) = 0.
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4 Algebraic Aspects of Symmetry

4.1 Chevalley-Eilenberg Complex

We discuss algebraic structures underlying gauge theories. Let G be the Lie group
and V be the corresponding G-representation space. In gauge theories, G will be
oo-dim Lie group of gauge transformations, and V represents the matter fields.

To simplify the presentation and illustrate the main structures, we will focus on
the toy model in this section where G is a finite dimensional connected Lie group
with Lie algebra g and V is a finite dimensional representation. Let

g’ = Hom(g, k)

be the linear dual of g (the base field £ = R or C). Consider the exterior algebra

Ng' =P Arg”.
p

Let {e1,...e;m} be a basis of g where m = dim g, and {c!,.

basis of g¥. Then we explicitly write
A°gY = k[c*], where  ¢*c¢? = =P,

The algebraic structure is given by wedge product. Let

[~ —]: A% — g
be the Lie bracket. Its dual gives a map

dcp - g¥ — N%gY
which extends to a unique map

dcg : N°gY — A°gY

determined by the following conditions
1) on generators, dcg : ¥ — A%g¥ as above.

2) graded Leibnitz rule
dcg(a Ab) = (dcga) Ab+ (—1)Pa A dcgb, where

Explicitly in terms of the above basis
e, es] = Z fggev
2l
where fgﬁ is the structure constant. Dually, we have

1
dope) = 3 f(zﬂcacﬁ on generators.

Then the action of dgg on a general element is

..} be the dual

a € NPg".

dCE(CalcOCQ - Cap) :(dCEcal) e fyap — coq (dCECaz) . caP

Fo b (21)PL L 1 (o).
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Proposition 4.1. dcg : A®gY — A®gY satisfies
dég =0
which is equivalent to the Jacobi-identity of [—, —].
Proof: Exercise. O
Definition 4.2. C*(g) := (A®g¥,dcg) defines a cochain complex where
CP(g) = APg”, and dcg:CP(g) — C"*'(g).
This is called the Chevalley-Eilenberg cochain complex.

Remark 4.3. In physics (gauge theory) terminology, ¢® is called the ghost field
and dcg is called the BRST differential.

We can extend this to incorporate representations. Let V be a g-module with
p:gRV — V.
Consider the free A®g¥-module A*g¥ @ V. There exists a unique map
deg : APgY @V — APHgV @V

determined by the following conditions
1) deg:V — gV ® V is the dual of the representation map p: g®@V — V.
2) For a € APg¥, m eV,

deg(a ® m) = deg(a) @ m + (—1)Pa A dcg(m).
Proposition 4.4. dcg : A®gY @ V — A®gY @V satisfies
dgg = 0.
This is equivalent to V being a g-representation.

Proof: Exercise. O

Definition 4.5. The Chevalley-Eilenberg cochain complex associated to the

g-module V is
C*(g,V) := (A°g” ® V,dcg)

Note that C*(g,V) is a C*(g)-module:

CP(g) ® C(g, V) — CP* (g, V)
a@uU—alNu

which is compatible with the differential
deg(a Au) = (dega) Au+ (—1)Pa A dceg(u).

In other word, C*(g, V) is a dg-module over C*(g).
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4.2 Differential Graded Lie Algebra (DGLA)

We will work with the category of graded vector spaces. Let

W= Wn

meZ

be a Z—graded vector space, where W, is the degree m component. For a € W,,,
we write |a| = m. We will frequently use the following operations on graded spaces.

e W[n| denotes the Z-graded space with W [n|,,: =W, (degree shift by n).

v L
Win] -

WV denotes the linear dual with

(W) := Hom(W_,, k) = (W_p,)"

Given two Z-graded vector spaces V,W

(VeW), = @ (VieW;)
i+j=n

Hom(V, W), := @) Hom(V;, Wiy)

e Sym™ (V) :=V®™"/ ~ where
a®b~ (—1)p g aq.

This is called m-th graded symmetric tensor. We will write

Sym(V) := @ Sym™(V), Sym(V) := H Sym™ (V).

m>0 m>0
o N"(V):=V®"/ ~ where
a®@bn~—(=1)lpgq.
This is called m-th graded skew-symmetric tensor.

Proposition 4.6. \*(V[1]) = Sym*(V)[k]

Proof: This is an useful and helpful exercise. O

Definition 4.7. A graded Lie algebra is a Z—graded space

g:@gm

meZ

together with a bilinear map
[ -]:g®g—9g

satisfying the following conditions:
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1) graded bracket: [gn, 98] C ga+s
2) graded skew-symmetry:

[a,b] = —(—1)0‘5[19, al, Ya € gq,be€gs

3) graded Jacobi Identity:
[a,b],c] = [a,[b,c]] — (—1)0‘5[177 la,cl]], Va € ga,b€ gg,c€ gy

Definition 4.8. A differential graded Lie algebra (DGLA) is a graded Lie algebra
g together with a deg = 1 linear map d (i.e. d: gy — gm+1) satisfying

1) d?> =0, so (g,d) is a cochain complex.

2) graded Leibniz rule:
dla,b] = [da,b] + (—1)%[a,db], Va € ga,b€ gg
Example 4.9. An ordinary Lie algebra is a DGLA with
e g = go concentrated in deg=0
o d=0
Thus DGLA is a natural generalization of Lie algebra.

Example 4.10. Let X be a manifold, g be a Lie algebra. Let (2°%(x),d) be the de
Rham complex. Then (Q2°(z) ® g,d, [—, —]) is a DGLA.

o OP(x)® g is the deg = p component.
o d:W(z)®g— QP (z)®g is the de Rham differential

dla®@h)=da®h, foracQPf hecyg.
e the bracket is induced from the Lie bracket [—,—], on g
[Oél & h17a2 ® h2] = (al A Of2) & [h17h2]g7va17a2 S Q*7h17h2 S g.

This example is related to the Chern-Simons theory.

Example 4.11. Let X be a complex manifold. Let (Q%°,0) be the Dolbeault com-
plex. Let T)l(’0 denote the bundle of (1,0)-vector fields. Then

(90* <X, Ty)) .0, [, —])

is a DGLA. Explicitly, let z* be local holomorphic coordinates. An element o €
Qo (X, T)l(’o) can be written as

; 0
a= Z afdz’ ® .
i,J 0z

Here J = {j1 < ... <jp} is a multi-index and dz’ = dz/t A ... Ndz’». Then the
differential is

= . 0 dal 0
= t 7/ = =T g5t 5J
oo = E d(af) Ndz7 ® 55 = El iE dz' Ndz" @ 540
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Given two elements
i 3=J 8 ) M 8
a= E azdz” @ R b= g Brdz 540

their bracket is given by
LT W S VI
[a, O] :Z (aJ 520 —ﬁMazj dz’ NdzZ™ ® E
On deg = 0 component, this is precisely the usual Lie bracket on (1,0) vector fields.

This DGLA is related to the deformation of complex structures. In physics, this
is related to the B-twisted topological string field theory (Kodaira-Spencer gravity).

Chevally-Eilenberg complex construction can be naturally extended to DGLA.
Let (g,d,[—, —]) be a DGLA. Define the graded space

C*(g) = Sym(g"[-1]) = € Sym™(g"[1]).
Since g¥[—1] = (g[1])¥, we can think about C*®(g) as (polynomial) functions on
g[1l]. When g is an ordinary Lie algebra, Proposition 4.6 impiles
C*(g) = Sym" (" [~1]) = A*g"[~K|
which is AFg¥ sitting at deg = k. Let
e the dual of d: g — g be
dy g’ [-1] — g'[-1]
e the dual of the bracket [—, —] : A2g — g be
dz : g'[-1] — Sym*(g"[-1]) = N*g"[-2]

Note that both d; and dy have deg = 1. Since C*(g) is freely generated by
gV[—1], we can extend d; and dy to C*(g) by

e on generators g*[—1], defined above.

e graded Leibniz rule: for d = dj or da
d(a Ab) = (da) Ab+ (—1)\a A db
Define the Chevalley-Eilenberg differential
deg = di +d2 : C*(g) — C*(9)

Proposition 4.12. d2p = 0. The complex (C*(g),dcE) s also called Chevally-
Filenberg cochain complex.

Sketch of proof. We illustrate why this is true and leave the details to readers. In
fact, if we represent

deg :

27



J

ALGEBRAIC ASPECTS OF SYMMETRY

Si Li

then we have

d2

2
o e
deg -

permutations

We can “see” that d%E = 0 is equivalent to the defining properties of DGLA:
o d?=0,

o Leibniz rule: d[—,—] = [d(—),—] £ [—,d(—)],

o Jacobi identity.

The generalization to g-module is straightforward.
Definition 4.13. Let g be a DGLA. A g-module is a cochain complex (M, dy;)
together with bilinear map g ® M — M satisfying

® go ® Mg — Myip

e a (b-m)—(=1)*b-(a-m)=[a,b]-m, VYa€gab€EgsmeM

o dy(a-m)=(da) -m+(—-1)%-dym, Va€ga,meM

Equivalently, let us define the graded space

oM =go& M
equipped with the ifferential d @ dj; and the bracket [—, —] where
e on g®g, [—,—] is the bracket on g: [—,—]: g®g — g.
e on g® M, [—,—] is the g-module action: [—,—]: g® M — M.

e on M®M, [—,—]=0.

Then M is g-module <= gps is DGLA.
The corresponding Chevally-Eilenberg complex is

C*(g, M) := (Sym(g"[-1]) ® M, dcg)

We leave the description of dcg to readers.
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4.3 Homotopy Lie algebra (L.-algebra)
Given a graded vector space V', we consider a deg = 1 derivation on Sym(V):
6 : Sym(V) — Sym(V),
which satisfies the graded Leibniz rule
5(a®b) = (6a) @b+ (—1)1a ® b.
Such § is completely determined by how § acts on the generator
§:V = Sym(V).

We can decompose
=10+ +d2+--,

where 6 : V — Sym*(V). For DGLA, we have
6 =dcg =dy +dy =61 + bs.

This is a derivation where only &1, d are nontrivial. It is natural to generalize this
operator by encoding all possible components d;. This leads to the Loo-algebra.

Definition 4.14. An L..-algebra is a Z-graded vector space g with a collection
of multilinear maps

by N'g— g, deg(ln)=2-n (n>1)
satisfying the following L.-relation
> Al (ke (), ) =0 Vn,
k=1
The complicated Lyo-relation can be understood as follows. Let
Gn 2 g [=1] = Sym” (¢ [-1]) =~ \"g" [-n]
denote the dual of £, : A\"g — g. Note that

deg(l,) =2—-n < deg(d,) =1.

Let § = Y 6, = 01+ 02 + - - - which defines a derivation on C*(g) = Sym (gV[-1])
n>1
via the graded Leibniz rule. (Here we use the (graded) formal power series ring

Sym (g" [~1]) so that § is defined.) Then
Loo-relations for {£,},5, < 2 =0.

(C*(g),9) is the Chevalley-Eilenberg complex for g.
If we represent each d,, as a graph

~

y

ns
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then 62 = 0 can be pictured as

2

permutations

As we will see, this has a natural interpretation via Feynman diagram technique.
See [27] and its references for a nice review on Le-algebra and its relation in QFT.
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5 Perturbative Expansion

In quantum field theory, we are interested in quantum correlations for observables
O, which is an co-dimensional integral

/SefO[D¢].

The rigorous construction of such measure is not known in general. Nevertheless the
h — 0 asymptotic theory is established as perturbative renormalization method.

5.1 Wick’s Theorem
Gaussian Integral
We start with the finite dimensional situation. Let
n . .
Qz) = Z Qijx'a?
ij=1

be a positive definite quadratic form, i.e., the matrix (Q;;) is positive definite.
Consider the following volume form on R"

n .
dx* 1
Q = +/det — e m@®) h > 0.
@ };[1 V2mh
By the Gaussian integral fR dre 2% = V2m, it is easy to find
Q=1

Rn

Thus €2 defines a probability density on R".
Consider for simplicity a polynomial function f(z) € R[x!]. Define the following
expectation value with respect to the probability density 2:

o Jon Qf (@) _ .
@, == = [ ase)

The subscript « indicates the integration variable. This expectation value defines

a map '
(=), : Rlz'] — R.

To compute this expectation map, let us consider the auxiliary integral
SatJ;
ZJ] ::<ei > J=, )
x

noodrt Q@+l
=+/det e i
@ /n ZI;Il \V2mh

Completing the square, we find

1 Ty 1 ) —1\ig 7. h -
%Qm)—;m%cz( —hY_(@7H7;) = 5Q7H().

J
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Here (Q~1)¥ is the inverse matrix of Q;;
> Q@Y =467
k

and Q~1(J) is the quadratic expression

Q) => (@ "1J;
i
Thus
Z0J] = 5@ / Q= b,

Now for a polynomial f(x), Taylor series expansion at = = 0 gives

Sat ai
flx)y=e7 " f(a)

Using this formula, we find

where Q1 (%) = Z(Qfl)ij a?zi % is a second-order differential operator.
Z7J

Wick’s Theorem

The obtained formula it
(f(@), = €220 f(a)
has a combinatorial interpretation as follows. Let

i17i27'” 7i2m€{1727'” 7n}

be 2m indices. We consider the monomial z1z% - .. 2%m of degree 2m obtained
from the index set. Let us compute its expectation from the above formula:

m
. . . hA—1( O . . . hm 1 .. 8 8 . .
pHpt2 L plem _ €§Q (%)azlazz.”azgm L el -1 ij = Y arat ...
< >z a=0 m! |2 ;(Q ) da* Oal
7 *
To compute this value, let
P(2m) = set of partitions of {1,2,---,2m} into unordered m pairs.

An element o € P(2m) can be described by a permutation o € Sa, such that
o(l)y<o(2), o(3)<oc4), -+, o@2m—-1)<o(@2m)

and
o(l) <o) <---<o(2m—3) <o(2m—1).
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Then we identify this permutation

1 2 3 - 2m -1 2m
o(l) o(2) o(3) --- o(2m—1) o(2m)

with an element of P(2m) by pairing

a(1)o(2) o(3)o(4) e o(2m —1)o(2m)

In the above formula (*), it is computed to become the following sum

<xi1xiz L xi2m>

— K™ Z (Q71)0(1)0(2) (Q71)0(3)a(4) o (Q71)0(2m71)a(2m) i

c€eP(2m)

T

This is called the Wick’s Theorem.
We can also draw each sum as

11 19 13 e 19m—1 19m

S~ NN S

For each edge connecting i and j, we assign the factor A(Q~1)¥ to it.
Example 5.1 (Two-point function). The two-point function
(a'a?), = Q)"
is given by the inverse matriz of Q. (Q~1)¥ is also called the “propagator’.
i J

NS

Example 5.2. The following four-point function is computed by

o AN A R
<xzx7:ck:1:l> —ijkl +ijkl +ijkl

=17 [(@DIQ + @M@ + @@ ).
We can also add “background" by considering the shift z — = 4+ a

(flx+a)), = Qf(x+a)
Rn

which is now a function of a. A similar argument shows

NS

(f(z +a)), = 29" (5) f(a).

If f(r) = 22" ... 2%, then Wick’s Theorem in this case is a sum over partial
pairings
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i1 i2 i3 e (P ik
[ J [ J [} [ ] [ ]

N NS

We assign the propagator to the paired indices and assign a’ to unpaired index i.
Example 5.3. Let f(z) = 2'zIzF2!. Then

n oAl Al R
(f(x+a)), —Z]kl+13kl+1jkl—I—Ukl—|—2]kl—l—zgkl—l—zgkl—l—zykl—l—zyk‘l—l—zykl

=a'a’afal + h [(Q_ Yiakal + (Q H*alal + (Q 1) al "
+ (Qfl)jkaial + (Qfly‘laiak + (Qfl)klaiaj
+R2[(Q@DI@Q Y+ (@7)HQT! + (@)@
5.2 Feynman Graph Expansion

Now we consider integrals of the form

n 2mh
where . \
S(z) = 5Q() - S1(2)

Here Q(z) = Z Qijx’ ‘29 is a positive quadratic as before, and

7]
x) = Zlijkxixjxk
i7j7k
is a cubic polynomial, called the “interaction". The constants I;;; parametrize
the cubics. The constant A is called the “coupling constant'

Since the cubic approaches both +00 and grows faster than quadratic, the above
integral is simply “divergent". There are essentially two ways out to make sense of
it:

@ Complexify 2 to complex variables z° and change the integration contour

R" c C" = 'ccCc®

to some other contour I' such that the integration becomes convergent. “Airy
integral" is such an example. This method is usually referred to as the non-
perturbative method.

@ Treat A as a perturbative parameter and compute the asymptotic series. This
method is usually referred to as the perturbative method.

We will focus on the perturbative method @) here. Let us rewrite

/det / lS(aZ)av _ o« Q@?jihl(x)” — <63>'\FLI( )> .
. \/ﬁ Rn x
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n .
Here Q = /det @ [] j%e_fth(m) is the probability density as before. Now we
i=1

can redefine the above divergent integral as a power series by

> e ((510) ),

m=0

Here each term ((3;1 ($))m>x has a well-defined value which can be computed by
Wick’s Theorem. This will lead to a combinatorial graph formula for this power
series.
Definition 5.4. By a graph v, we refer to the following data

o V(y) = set of vertices

o HE(I') = set of half-edges

e ir: HE(T') — V(v) incidence map

o E(I'): a perfect matching on HE(I") into pairs of two elements. Each pair is
called an “edge".

o For each v € V(I), # {zfl(v)} is called the valency of v.

Example 5.5. Consider the following © graph

HereV ={1,2}, HE = {a,b,c,d’,V/, '}, E = {(a,d’), (b,V), (c,c)}. The incidence
map s

ir: HE — V
{a,b,c} —1
{d'b,c} — 2
Both vertex 1 and 2 have valency 3.
Definition 5.6. A graph isomorphism between two graphs I" and I is a pair of
bijections
oy V(') — V(')
ogp :HE() — HE(I)

which are compatible with incident maps (the following diagram commutes)

HE(T) 225, HE(T)

iir ij

V() —— V(I)
and compatible with edgesfor any a,b € HE(T),
(a,b) € E(I") = (ocpp(a),cnr(d)) € BE(I).
An automorphism of I' is an isomorphism ¢ : I' — I'. Denote

Aut(I") = Group of automorphisms of I'.
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Example 5.7. Consider

Here HE = {a,b,c,d ¥/, '}, V = {1,2}, E = {(a,d),(b,V),(c,)}. The

incidence map is as above. Here are two examples of automorphisms of I’

@ oy : (172) — (27 1)
opg : (a,b,c,d' b, ) — (a/,V,,a,b,c)

@ oy :(1,2) — (1,2)
opg : (a,b,¢,a’ V) — (b, c,a,b',,a)

Similarly, we find Aut(T') = Zy x Ss. Here, Zg corresponds to permutation of the
two wvertices, and Ss correponds to permutation of the three edges.

We find Aut(F) =79 X Lo X L.

Example 5.8. Consider

Now let us consider the computation of

Each I(x) gives a vertex with 3 half-edges

11 i2 Im
jl k‘1 j2 kQ ]m km

Vertex set V={L2---,m}
Half-edge set HE = {i1, j1, k1,02, J2, k2, , -+ im, Jmy K, }
Incidence map i:{is,js, ks} — {s}
By Wick’s Theorem, (I(x)™), is a sum over perfect matching £

(I(x)™), =Y PP,
Bey

Here Y = {perfect matchings of HE} and I'g is the graph by assigning the pairing
FE to the vertex set V' and the half-edge set HE.
For each graph I', wr is the number by assigning
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(D each vertex J k = L
@ each edge * —— J = Q1w
@ sum over indices

Example 5.9. Consider

a a
b by
C C/
—1\i1i —Niyd Nk
wr = Z Ii1j1k1li2j2k2(Q )uzz(Q )Jljz(Q ) 1ko
ilmjlykl
i27j27k2

It is clear that
wr =wpr if ' is isomorphic to I".
All graphs here are trivalent (valency 3 for each vertex). The set of bijections

oy :V—V
O'HE:HE—)HE

that preserve the incidence map is

G = Som X (S3)™
—

permuting vertices  permuting half-edges

We have a natural G-action on Y with orbits

Y /G = {isomorphic class of trivalent graphs consisting of m-vertices} .

Thus ) ) vl
by L UG e
mians @ =1 F§G|Aut(F)|th

S wr )
| Aut(D)|

I': trivalent graph
with m vertices

We can also refine this formula by grouping disconnected graphs into connected

isomorphic ones. This leads to the following Feynman graph expansion formula
(details left to the reader).

Proposition 5.10 (Feynman Graph Expansion Formula). We have the following
combinatorial graph expansion formula for the asymptotic power series

<€3%I(m)>x — ni:o % < <?}!I($)> m>x

_ |[E@)|-|V(@)|y V(@) __ ¥
2 A Aw®)]

I': trivalent

_ S AV@IEL_ T
o [Aut(T)
T': connected
trivalent
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Here for a connected graph T,
I(T) = [ED)] - [VI)[+1=1-=x(T)

is called the loop number of T'.

IT)=3-2+1=2 I(N)=6-4+1=3

In general, if the interaction contains terms of all possible degrees

A3 VI Am
gfs(x) + 114(2”) toee mfm(ff) +-

then the series expension will have all possible graphs, where each vertex of valency
m is associated the value I, similarly. The general Feynman graph expansion
formula reads

<e

where V,,,(T") is the set of vertices with valency m.

Stl=

| Aut(D)|

(Z X’f[m(“?)> asymptotic Vin (T (-1 wr
m>3 _ eXp Z H )\‘H,Lm( )| h( )_

I': connected \ m>3
graph

5.3 Green’s Function

Now we discuss the infinite dimensional case. To illustrate the basic idea, let us
consider the scalar field theory for & = C°(R%) with action functional

1

Slol =5 /R (Z(aicbf +m?¢?)da?, ¢eé.

We are interested in the correlation function

_ Je[Dg] e #590(g)

) J¢[Dg] e~ #SW

where O is a function on & called an "observable"'. For example we want to
compute

(p(y1) - - d(yas)), where y; € R%

Although we do not have a general measure theory for such infinite dimensional
integral, we can mimic the finite dimensional situation to obtain a combinatorial
expected result. Let us write

1

Si¢l =5 | ¢D¢ da’
2 R’i
where ;
H? 9
b=- 0101t m
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This is quadratic in ¢, similar to @Q(x) in Gaussian integral.
To be precise, we can compare the finite and the infinite dimensional situation

Finite Dim oco-Dim
R €= CE®Y)
z’ o(x)
i a point z € R?
d
= ot
3Q) =1 Qya'ad S[g] = ;/¢D¢
iJ g
(z'al) = (A71)Y (9(z)o(y)) = G(z,y)
5] é(z —y)

The function G(z,y) represents the inverse of D on z,
D,G(z,y) =6(z —y).
Actually, if we define the following operator on smooth f
(GNla) = [ dy Gl 1)
Then
D(GI)(w) = [ dy DGl )1 (w)
~ [y s(a =) f0) = @)
Such function exists and is called the Green’s function.

on R, For

Example 5.11. Consider the standard Laplacian D = — E EIRER
— 0z'0x
(2

d > 3, the Green’s function takes the form

1

Gz, y) x ———.
09 & =y

In particular, G(z,y) becomes singular when = — y. This reflects the nature of
infinite dimension and is the origin of "UV divergence" in quantum field theory.
We use the Wick’s theorem to compute

<¢(y1) e ¢(y28)> =n’ Z G(yo(1)7 yo(Z))G(ya(?))a ya(4)) U G(yo(2571)7y0(2s))7
c€eP(2s)

which is visualized by sum over perfect pairings. Each edge from y to z represents
the Green’s function G(y, z) which plays the role of the propagator.

1 Y2 Y3 cee Yoam—1 Yom

S~ NN S
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Now we can move on to consider the interacting theory. For instance, we can
consider the ¢ theory by adding to S the term

A
hio) =5 [ ¢

A 4

We will have similar Feynman diagram expansions. Here are two examples of
trivalent graphs and the integrals they represent.

or the ¢* theory by adding

w

/(]Rd)4 dzxdydzdw G(z,y)G(y, w)G(w, z)G(x, 2)G(y, 2)G(w, 2)

However, due to the singularity of G(z,y) on the diagonal, such graph integral
will be divergent in general. This is the UV divergence. The "renormalization
theory" studies how to deal with such divergence to obtain a meanful finite answer.

5.4 Canonical Quantization

Before we move on to study the UV divergence in general, let us first understand
how such consideration leads to the canonical quantization in quantum mechanics.

Consider mechanics on the phase space R? coordinated by (z, p), with the sym-
plectic form w = dx A dp. Classically, the set of functions on phase space has a
Poisson structure {—, —} defined by

_0fdg Of 9g

{f(x,p),g(l’,p)} - %% - 37])%

Quantum mechanically,  and p are quantized to be operators & and p satisfying
the canonical commutation relation

[z, p] = ih.
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Algebraically, we can view it as a deformation of the function ring A on the
phase space. Denote by A" = A[h] the deformed ring with the deformed product *
called the Moyal product. For f,g € A, we have (asymptotically in &)

in 938 93
Fla,p) * g(z,p) = f(z,p)e? B9 o) gz, p)

ih
One can check that

@ = is associative:

fx(gxh)=(fxg)xh, VYfgheA;
® The canonical commutation relation holds:
[z,p]l« =2 xp—p*x =ih

The Moyal product * has a Feynman diagram interpretation as follows. Intro-
duce two fields describing mechanics on the phase space R?

v(t) = (X(t),P(t) : Ry — R

and consider the free action

Soly] = /R P(t)dX(t) = / P(t)X(t)dt = /R P(t)iX(t).

R dt
We are interested in the expectation of the observable O

 J[Dr]erSoblo(y)
<O> B f[D’y]e%S[’Y]

Let us write (ignore the boundary behavior so far)
1 . )
Solil =3 / (IP’X - XIP’) dt

[ Ay [

Thus

i 1 /1 0 —47[X(1)
-So[] — —— (=[x P dt )
et —esp (g5 (5 1 wn 3] (5] @
Comparing with the finite-dimensional situation
~an 2 Qur'e!
7

e

the analogue of the inverse matrix Q! is
d1—1
s ¥
% 0
The Green’s function of 4 is a function G(t1,t,) satisfying
0 G(t1,t2) = 6(t1 — t2)
o, O\ t2) = olty —ta).
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Here 6(t1 — t2) can be viewed as the infinite-dimensional analogue of d;;.
In terms of G(t1,t2), we have

0 gg[ 0 G(tl,m]:[é(tl—w) 0 }
20 | |-Gt t) 0 0 6(t1 — t2)

The right hand side can be viewed as the (1, t2)-entry of the infinite-dimensional
identity matrix. Thus the (¢1, t2)-entry of the above inverse can be written as

—1 .
i |: _c(lit] _ |: ' 0 ZG(tl,tQ):| .
0 t1.to —iG(t1,t2) 0

Then we could “define" the two-point functions in terms of this inverse by

O

(X(t1)P(t2)),, = ihG(t1, ts)
(P(t1)X(t2))., = —ihG(t1, t2)
(X(t1)X(t2))., = (P(t1)P(t2)), =0

We are left to solve G(t1,t2). The above expression asks for G(t1,t2) such that
G(t1,t2) = —G(ta, t1).

Such Green’s function of % is explicitly given by

1
— t1 > ta
1 2
G(tl,tg) = isgn(tl - tz) = 0 tl = t2
1
— 1 <t
5 i<t
G
30
@
t1 — 12
Q-3
In fact, for any compactly supported test function f(¢)
, 1 [ , 1 [ , 1 1
— [ dt1 G(t1,t2) f'(t1) = B dty f'(t1) — B dt1 f'(t1) = §f(752) -3 (=f(t2)) = f(ta).
R —00 to

So

0
—G(t1.to) = 0(t1 — t
thG( 1,t2) = 0(t1 — t2)

holds as a distributional equation.
In summary, we are interested in the following two-point function
(DY) en S PIX (1) P(t2)
[[DA] e 5ol

(X(t1)P(t2)),, “ =
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Although we do not know a prior the precise information about the path inte-
gral measure, we can still derive a reasonable result in comparison with the finite
dimensional Gaussian integral

, ih
<X(t1)]P’(t2)>,Y = ZhG(tl, tQ) = E sgn(t1 - tg).
In the following, we use this formula to define our two-point function.

Note that this two-point function, or the propagator, does not depend on the
precise value of t1,t2, but only on the relative position

ih
5 tl > t2
(X(t1)P(t2)), = 40 t1 =12
L
5 1<t

This indicates a topological nature of this model, which is indeed the case.
Now let f(z,p) and g(z, p) be two polynomials . We plot them on the time line

as
9 f
@ @
11 12 t

We define a new function on the phase space by the following correlation

(f (@ +X(t2),p + P(t2))g(x + X(t1),p + P(t1))),, -

Here we perturb the variables x, p by quantum fluctuations X(t),P(¢) at time ¢; for
g and at time to for f. Equivalently, we can treat  and p as “background" shift.
This correlation function depends on the background variable {x,p} and defines a
function on the phase space.

Let us apply Wick’s Theorem to compute this correlation. We represent each
f and g as a vertex whose valency is the polynomial degree

S g
Then Wick’s Theorem says

(f(z+X(t2), p + P(t2))g(z + X(t2), p + P(12)))

€Z,p z,p
:Z x,p
/ g x,
z,p b

Here for each unpaired half-edge, we assign x or p as in the original vertex. For
paired half-edges
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X(tg) P(tl)

=  (X(t2)P(t1)), = ih
f g
P(t2) X(t1)

= (P(t2)X(t1)), = —3h
f g

For a graph with m propagators, there will be an automorphism group S,, by
permuting the edges, contributing % in the Feynman graph expansion. Thus we
find

(f(x +X(t2),p + P(t2))g(z + X(t1), p + P(t1))),

9 9 9 9

=f($,p)6% <6M‘7_apax)g(fv’p) = (f*ng) (z,p)

which is precisely the Moyal product.
We can think about

9 f
@ @
t1 o t

as inserting an operator g at time t1, and then inserting another operator f at
a later time t3. The total effect is the composition of two operators, which is
represented quantum mechanically by the Moyal product f *j g.

This picture also gives a simple explanation of the associativity of the Moyal
product #5. Given three functions f, g, h, we insert them in time order

h g f
® ® ®
t to t3 t

Consider the correlation

(f(z +X(t3), p + P(t3))g(z + X(t2), p + P(t2)) 2z + X(t1), p + P(t1))) , -

This value is invariant under local deformations of the time positions and only the
order is relevant. By our previous computation

(f #ng)enh = Tim  Tim (f(z +X(t3),p + P(t3))g(z + X(t2), p + P(t2)) h(x + X(t1),p + P(t1)))

ti—ty ts—ty ¥

frnlg=nh) = lim lim (f(z 4+ X(t3), p + P(t3))g(z + X(t2), p + P(t2))h(z + X(t1), p + P(t1)))

t3—sty t1—ty K

The topological nature of the above correlation implies

(f*ng)*nh = f*p(g*nh).
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5.5 Counter-term and Renormalization

In general, Feynman graph integrals are divergent due to singularities of the prop-
agator. To make sense of them and extract meaningful values, the method of
counter-term plays an important role. We illustrate the basic idea of counter-term
through the renormalization of ¢*-theory on R*. The action is

A
Stl=3 [ oD+ [ dw ot oecrm)

4
0 0

where D = — Z . and )\ is the coupling constant. The propagator D~ is

—~ Ox* Oz
given by the Green’s function

1
G(l‘ay) = 5 LY e R
|z —yl

The interaction term gives a quadrivalent vertex.

Tree diagrams

Let us start with a tree diagram

:v/“ d'zd'y ¢(x)36(y)® G(z,y)
R4 xR4

1

— )\2 d4 d4 3 3 .
[ ety oo s

This is convergent for any compactly supported input ¢. In fact, all tree dia-
grams are convergent. The only potential divergence is when we allow arbitrary
¢ without decay properly at infinity. This is called IR divergence due to non-
compactness of the space-time manifold, which is not as serious as UV divergence.

One-loop diagrams

Consider a one-loop diagram
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= h)\Q/ dzd'y ¢(x)b(y)? G(x,y)?
R4 xR4

1
|z —y|*

— X2 / dhrdy o(x)o(y)?
R4 xR4

This is in general a divergent integral near = y. The celebrated idea of
renormalization gives a solution following a three-step strategy.

(1) Regularize G' by a cut-off parameter ¢;
(2) Require the coupling constant (here is \) to depend on the cut-off ¢;

(3) Choose (1) and (2) in a proper way so that the computation has a finite value
when the cut-off is removed.

A popular regularization in physics in the momentum cut-off. Let k£ be the
Fourier transform of z, then we can regularize the Green’s function G(z,y) with a
cut-off [Ag, Aq] of |k|,

eik(xfy) 4 eik(zfy)
N>
2 2
k Ao<Ik|<A k

G(z,y) = . d*k

The momentum cut-off is natural and most used in physics. However it is not
convenient on general manifold. We can also use the heat kernel cut-off. For the
Laplacian D, the Green’s function is a time integral of the heat kernel e 77,

G(ac,y):/0 e Pdt.

We choose a UV-cut-off € and a IR cut-off L. Then the regularized propagator is

L L
dt lz—y|2
L _ —tD 3, B i
P —/ e dt—/ (27Tt)26 @,
€ €

The regularized one-loop diagram becomes (details left to readers)

= ’”2/ dad'y o(x)26(y)? PE(r,y)?
R4 xR4

dty dto ,L\Q(LJFL)
= h\? d*zd / / Ty
/R4><R4 wd’y ¢(x)" ¢z +y) (27mt1)? (2mt2)? ¢ b

ploge

= —h\ / d*z ¢(z)* + terms smooth as € — 0.
R4

7I'2
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Then we can correct the action S by adding a counter-term I¢7(¢) by

1 A 1
S+ICT<€) — / d4[E ¢D¢+ / d4x ¢4 + Ogaﬁ)\Z/ d4.’E ¢4'
2 R4 4' R4 R4

A2

The counter-term gives a new one-loop vertex,

2loge
hAZlogE,

Now if we evaluate the one-loop diagram with 4-external inputs, we find two
contributions

o(x) . o(y) o(a) o(x)
+ X
: PL :
¢(z) : ¢(y) ¢(z) o(x)
and the limit € — 0 exists for this sum by construction.

From the action, the effect is to correct the coupling constant by

sloge
w2’

A—> A+ hA

In fact, it can shown that by adding higher h-order e-dependent term

A — A+ h\?

loge 5
R2(=)+ .-
B R(=) 4

the UV divergence of all Feynman diagrams cancel with each other! This is an
example of renormalizable theory.

In general, we need to add many new terms into the counter-term I°7(g) to
cancel all UV divergence at all loops, even possibley infinite many different types
of Lagrangians. If we only need finite terms as

°7(e) :)\1(5)/,2”1+)\2(5)/Z2+---+)\N(5)/$N

and adjust finite coefficients A\i(g), -+, An(g) to cancel all divergences, the the-
ory is called "renormalizable" in physics. Note that the counter-terms are not
unique. The reason for this notion of renormalizability is that we can measure the
unknown coupling constants by finite experiments, and then use the theory to make
new predictions that can be further tested. If we have infinite many coupling con-
stants, then there is no prediction ability of the theory, though it is still meaningful
mathematically. The above example of ¢*-theory on R* is renormalizable.
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6 BRST-BV Formalism

We discuss the BRST-BV formalism of classical and quantum gauge theories. In
this section we focus on the finite dimensional toy models to illustrate the main
structures. In the next section, we discuss how to incorporate renormalization.

6.1 Quotient and Ghost

Consider the finite dimensional toy model of gauge theory
f:V—=C

with connected Lie group G acting on V such that f is G-invariant. Equivalently,
f is a function on V/G and we are interested in the integral on orbit space

There are typically two approaches.

(D Find a subspace Y C V such that points of Y represent orbits of G and
construct a form &y associated to Y such that

/ &1 (Y ey (—)
1%

is invariant under continuous deformation of Y. Y is called the gauge fixing
condition. The celebrated Faddeev-Popov procedure is of this type.

1 INCT

Figure 2: gauge fixing slice: Y C V

v

This construction works well when the quotient V/G is not very singular.
In general if we have "bad" orbit space V/G, new issues will appear. This
is a typical problem in geometry, and the lesson is that we should take the
derived object to resolve the singularity. This leads to a different approach.

@ BRST-BV approach. Let O(V) represent function on V. Then functions
0(V/G) = 0(V)*

on V/G can be naturally identified as G-invariant functions on V. Assume G
is a connected Lie group with Lie algebra g. Each u € g generates a vector
field X, on V and G-invariant function can be expressed infinitesimally as

O(V)® = {p € O(V)|Xu(p) = 0,Vu € g}
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Let {e1,--- ,em} be a basis of g and {cl, e ,cm} be the dual basis of g¥. Let
Xo = Xe,. Recall the Chevalley-Eilenberg differential (BRST)

deg : O(V) — g¥ @ O(V)
P an ® Xa(p)

We have a natural exact sequence
0— O(V)Y — O(V) — g" @ 0(V).
Now it is clear that the full Chevellay-Eilenberg complex
C*(g,0(V)) = (A°g” ® O(V), dck)

is a natural derived replacement of O(V)“. The anti-commutative variables
¢’ in gV are called ghost fields as we have seen before. Since

A*g’ = Sym*(g”[-1]) = Sym*((g[1])"),

we can think about A®gY as a free polynomial ring on the (odd) graded space
g[—1]. Thus
C*(g,0(V)) = functions on V' x g[—1]

This is a dg space since C*(g, O(V)) is a dg algebra with Chevalley-Eilenberg
differential

1 0
dCE = 5 ;/BCQC’B@ + CaXa

We should think about V' x g[—1] as the derived G—quotient of V.
Our next goal is to build up integration theory on V' x g[—1]

/ ol /h
Vxgl[l]

in such a way that allows natural generalizations to co—dim case of QFT.

6.2 Polyvector Fields

We now move on to discuss a different view on integration. Let M be an oriented
n-dim manifold (or simply R"™). Let € be a volume form on M. This defines

/:COO(M) — R

fH/MQf

Geometrically, the volume form €2 leads to the divergence operator
Div : Vect(M) — C*(M)
by requiring
/QDiV(X)p = —/QX(p), Vp e C°(M).

Explicitly, PR
_ x4 ax

Div(X
iv(X) q O
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Definition 6.1. We define the polyvector fields

PV(M) = PV¥(M), where PVF(M):=T(M,ATy), k>0
k

We write |a| = k for a € PV¥(M).
Note that differential forms are
QF (M) = T(M, A*TY,).

Thus polyvector fields can be viewed as a dual notion of differential forms. PV (M)
carries a similar algebraic structure by exterior product

PV*(M) @ PV! (M) 25 PVEH (M)
which is graded commutative
anf=(=1)llflgaq.

When k = 1, PVY(M) = Vect(M) are precisely vector fields.
The volume form 2 allows us to identify polyvector fields with forms by

I PVF(M) 5 Qr k(M)
W S

Here for = X1 A Xo A ... A X, X; € Vect(M),
M_IQ = LX1LX2...LXkQ.

Since Q is a volume form, I" gives a linear isomorphism PVF — Qn—Fk,
We can use I' to transform the de Rham complex (Q2°(M),d) to PV(M)

QM) —— ol (M) —— . s (M)
PV (M) ——F—— PV (M) —— -+ —— PV°(M)

Check: A : PVY(M) = Vect(M) — PVO(M) = C>(M) is precisely the divergence
operator associated to 2.

In general,
A PVE(M) — PVEL(M)

can be viewed ad the generalized divergence operator on polyvector fields. Note
that d? = 0 implies

A% = 0.
In physics, A is called the Batalin-Vilkovisky (BV) operator .

To see how A looks like, we work locally on U and choose local coordinates
{xl,...x”}. Assume

Q= e’Ddzt A A"

Locally
PV(U) =C>*(U)|04, ...0x)

where 0;’s are anti-commutating 0; A 9; = —0; A 0;.
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For convenience, let us introduce Grassmann variable 8; to represent
91- = aj, 9103 = —9]'(91'.
Then p € PV(U) can be written as

po=p(a 0;) =Y pr(ah)o’.
I

Let 8%2, be the derivative with respect to 6; defined by

99 _, 9(0ig) _
00; ’ 00;
Here g does not contain #;. These operators are also anti-commutative:
0 0 0 0

90:00; 90, 06;
For example

9 0 9 0 o
87918762(0102) = 87918702(9291) - 601 =—1

0 d
8792871(9192) =1

Proposition 6.2. Under the above assumption and notations, we have

o 0 d
A= Zi:axiaei +;am69¢'

Proof: Exercise. O

In particular, for a vector field

X = Zvi(:p) 8‘; = Zvi(:c)ei

we have

Div(X) = AX =Y (3;V' + 9;pV").

This is precisely the formula of divergence.
Note that the first term %8%1- looks like a Laplacian, but it is NOT. 6; are
odd variables. Nevertheless, A is sometimes called BV Laplacian, or odd Laplacian.
Recall the homological view on integration

QM) —L 5 Q'(M) —L— . —L 5 QM)
w
~ ~ = R
//)I
// va
PV (M) —— PV""H (M) —— ... —— PV’(M)

From this diagram, we find

AT
dR BV

In quantum field theory, we have to deal with co-dim geometry, that is n = oo.
In this case H, becomes meaningless, while Hg becomes better and the problem
is reduced to constructing A in QFT. We will see how to do this in perturbative
renormalization theory.
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6.3 Batalin-Vilkovisky (BV) Algebra
Definition 6.3. A BV algebra is a pair (A, A) where

@ Ais a graded commutative associative algebra: a-b = (—1)1llp.a,Va,b € A
@ A:A— Aisa "2nd order" operator of deg = 1 and satisfies A% = 0.

Here "2nd order" means the following. Consider the failure of A being a deriva-
tion by the so-called "BV bracket"

{a,b} := A(ab) — (Aa)b — (—1)1aAb.
Then {—, —} satisfies Leibniz rule in both a and b components. Thus
{-,-}:AxA— A
is of deg = 1 and satisfies

DO Graded symmetry
{a,0} = (=11 {b, a}
@ Graded Leibnitz rule
{a,bc} = (=1)IFaDllp £ ¢} + {a, b} ¢
@ By construction, {—, —} is also compatible with respect to A
A{a,b} = —{Aa,b} — (=D {a, AB}
If we have an additional
Q:A— A, deg=1
which is a derivation, squares zero Q? = 0, and A—compatible
QA+ AQ =0.
Then the triple {A, @, A} is called a DGBYV algebra.

Example 6.4. Let Q be a volume form on M. Let A be the associated divergence
operator on PV(M). Then

(PV(M),A)
forms a BV algebra. The associated BV bracket
{—, =} : PVF(M) x PVY{(M) — PVFH=L()

does not depend on the choice of Q and {—, —}= SchoutenNijenhuis bracket (up to
a sign) (in fact {a, B} = — (=)l {a, BYgn)-

In local coordinates, assume
Q = e"@ gl dz"
Then

o 0 0
8= Zi:axi a0° +Zi:a"”aei'
We find
{xi,Hj} = (5;, {:Ui,xj} ={6;,6;} =0

This is the odd analogue of Poisson bracket.
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Remark 6.5. This example illustrates an important viewpoint on quantization
which amounts to constructing the co-dim volume,/ measure.

{*7*} > A

quantization ()

classical quantum

Example 6.6. Let X be a complex manifold and 2 be a holomorphic volume form.
Such a pair (X, ) is called Calabi-Yau manifold. We can define the complex ana-
logue of polyvector fields by

PVR(X) = QM (X, AFT")
Let A be the divergence operator associated with §2
A PVRL — pyRL
Let O be the Dolbeault differential
9 : PVH — pyRit

Then (PV~=**.0,A) is a DGBV. Here the degree convention is that PVF! has
degree | — k. This DGBV controls the deformation theory of X.

Example 6.7. Let G be a Lie group with Lie algebra g. Let
A = Sym(g"'[~-1]) ® Sym(g[2]) = Cleq, c”].
Here
o {en} is a basis of g, deg(en) = —2. They are commuting
€n€3 = €g€q.
o {c™} is the dual basis of g, deg(c®) = 1. They are anti-commuting

ccP

° A = Za %%, and {ca,eﬁ} = 5%
Then (A, A) defines a BV algebra.
Comparing with the above polyvector construction

—cPe?.

deg =1 ¢ e gt deg =0
deg = —2 eq o 0; deg = —1
We can view A as polyvector fields on the odd space g[1]
A=PV(g[1]) = O(g[1] © g"[-2])
Example 6.8. In general, let W be a graded vector space. Denote
T"W[-1] =W & W"[-1].
Then
PV(W) := O(T*W[-1]) = Sym(W") ® Sym(W[1])
with a canonical BV bracket {—,—} of deg = 1. In the special cases
o W=R"=PV[R")
« W=g[l] = PV(g[l])

In particular, to understand fVXg[l]’ we will need to explore

PV(V xg[1])
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6.4 Classical BV Master Equation

We now discuss the so-called BV master equation, which is a fundamental relation
for classical and quantum gauge theories.

Definition 6.9 (Classical BV Master Equation). Let (A,A) be a BV algebra,
{—=,—} be the BV bracket. A degree 0 element Sy € A is said to satisfy Classical
BV Master Equation if

{S0,50} =0 (CME).

Sp induced an operator on A by
0={Sy,—}: A— A

Since the BV bracket has degree 1 and Sy has degree 0, the operator § has degree
1. And ¢ is a derivative by the Leibniz rule for {—, —}.

Proposition 6.10. The CME {Sy, So} = 0 implies
5 =0.
Proof: By Jacobi identity
{{S0, 50}, =} = —2{So, {So, —}} = —26°.
O

Example 6.11 (Symmetry). Let G be a Lie group with Lie algebra g. Denote by
{ea} a basis of g and {c*} the dual basis of g¥. Let (A, A) be the BV algebra of
polyvector fields on g[1]

A= Sym(g”[~1]) ® Sym(g[2]) = Clea, ], deg(c*) = 1,deg(eq = ~2)

and

A=Y ——, {c% e} =0%.
The Lie bracket on the chosen basis is

[eom 65] = Z fgﬂ(BW
Y

where f;ﬁ ’s are structure coefficients of g. Then the degree 0 element

1
i v a8
1—2 g faﬁcce,yeA.
a,Byy

satisfies the classical master equation
{I,I} =0.
Let us consider the induced differential

d={I,-}:A— A
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As A = Clc?, e4] is a free algebra, we only need to know how § applies to generators.
It is not hard to see that

1
i(c7) = §fgﬁc°‘cﬂ

1
- fgg e e

d(eq) = 5

Thus the derivation 0 is given by the vector field

Zfzﬁcc——kz eA,a

@By By
If we restrict § to C[¢*] = Sym(g¥[—1]), § = dcg. Thus
(Sym(g"[-1]),0) = C*(g).
On the full BV algebra A, we have
(4,0) = C*(g,Sym(g[2]))
where g acts on Sym(g[2])) via the adjoint representation.

Example 6.12 (Symmetry+Matter). Let G be a Lie group acting on a manifold
X coordinated by {z'} and {e,} be a basis of the Lie algebra g. The infinitesimal
action gives a Lie algebra morphism

g — Vect(z)
0
ozt

ea — Vo = Vi(z)

Consider a G-invariant function
f: X—C

which models a gauge invariant classical action. Consider
A=PV(X x g[1]) = PV(X) @ PV(g[1]) = C[z",6;, ea, c*]

where 0; = 0; and {c*} is the dual basis. We summarize the variables in the table.

c® xt 0, €q
Degree 1 0 -1 -2

Physics | ghost | (matter) field | anti-field | anti-ghost

We can extend the function I = 1f apC CfBe7 by incorporating x and the G-
invariant function f by

So = f(x) + V()0 + f”gc‘”cﬁev

Proposition 6.13. Sy satisfies the classical master equation.

Proof: Exercise. O
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Thus any gauge invariant action (i.e. f) extends naturally to a solution of the
classical master equation (i.e. Sp). This is the universality of the BV formalism.
Let us now look at the induced differential

5= {So, ).

Write So = f + J with

: 1
J =c*Vy(x)0; + §f'yﬁco‘cﬁev.

«

A few moment thought on J reveals that {J, —} is the Chevalley-FEilenberg differen-
tial on C*(g,PV(X) ® Sym(g[2])). Here g acts on PV(X) via Lie derivative and
acts on Sym(g[l]) via adjoint representation. Then

0 =dcg + {f,—}

where dcg represents the symmetry and
0
=379, f—
encodes the critical points of f, i.e., the equation of motion.

6.5 Quantum BV Master Equation

Now we move on to discuss the quantum theory.

Definition 6.14. Let (A, A) be a BV algebra. An degree 0 element
S = Sy + hSy + %Sy 4 --- € A[[l]]
is said to satisfy the quantum (BV) master equation (QME) if
1
RAS + 5{8’ S} =0.
Here h is viewed as a formal variable.
In the classical limit i — 0, the leading h-order of QME becomes

1
5{»90, SO} = O

which is precisely the classical master equation.

Proposition 6.15. The quantum master equation is equivalent to

Proof: This follows from the "2nd order" property of A. We leave the details to
the reader. O

This expression gives the precise physical meaning of QME as a condition of
quantum gauge consistency. In calculus, if w is a closed differential form dw = 0,

[

26

then the integral
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over a closed cycle v is invariant under continuous deformations of ~.
S
An analogue holds in BV theory. If A(e%) = 0, then a notion of BV integration

El
en
<z

is invariant under continuous deformations of .. Here . is a super Lagrangian
subspace related to the gauge fixing condition. Thus if S satisfies QME, then

/s
eh
b

is invariant under continuous change of gauge fixing conditions. This is the precise
form of the quantum gauge consistency.
Assume S satisfies QME. Define the quantum BRST operator

6" = hA +{S, -}
Proposition 6.16. §" satisfies (6")? = 0.
Proof: Let g = {S,—}. Using
A{S, =} = —{AS, -} = {S,A(-)}

we have

Adg + dsA = —{AS,—}.
Thus

(M2 = (hA)? + h(Ads + d5A) + 6%
— —{n8S, -} - 3 {15.8}.-}
= —{hAS + %{S, S} —-}=0
O

It is clear that }llin%) 6" =6 = {Sp, —} gives the classical BRST operator. Thus
—

8" can be viewed as the quantization of §. The differential § and 6" capture the
classical and quantum gauge transformation.

Definition 6.17. Let (A, A) be a BV algebra. Assume S = Sy + hS; + - - - solves
the quantum master equation (hence Sy solves CME)

D The cohomology
Obs® = H*(A, {So, —})

is called the space of classical observables.

@ The cohomology
Obs? = H*(A[[]], hA + {5, -})

is called the space of quantum observables.

They represent classical and quantum gauge invariant objects modulo gauge equiv-
alence.

o7



6

BRST-BV FORMALISM

Si Li

Example 6.18 (Singularity Theory/ Landau-Ginzburg B-model). Let f : C* — C
be a polynomial with an isolated critical point at the origin. Consider the BV
algebra (A, A) of polynomial holomorphic polyvector fields

A=C[2, 0], 0:,0; =—0,0;

Then
o f = f(2') solves the QME since f does not depend on 0;’s

A (e%f(z)> =0.
e Classical observables
Obs® = H*(A,{f,—}) = Jac(f) = C[2"]/(Dif)

Here Jac(f) is the Jacobi ring and (0;f) is the ideal generated by O;f .

e Quantum observables
Obs? = H*(A[[A]], hA + {f, =}) ~ Q"[[A]}/(hd + df A) Q" [[A]
This is called the (formal) Brieskorn lattice which plays an important role in
singularity theory.

e BV integration models the oscillatory integral
/ enf O
<

Both the Brieskorn lattice and the oscillatory integral are deeply related to Hodge
structures. In fact, the h-adic filtration is precisely the Hodge filtration. Thus
quantum field theory can be viewed as a version of co-dim Hodge theory.

where £ is a Lefschetz thimble.

6.6 Deformation-Obstruction Theory

Now we address the following natural question: starting with a solution Sy of the
CME, can we always quantize it to a solution S = Sy + O(h) of the QME?

The answer is NO in general. The observable complex precisely controls this
deformation theory and captures the obstruction.

Let (A, A) be a BV algebra. Assume Sy solves the CME and 6 = {Sp, —}. We
are looking for Sq,.52, -+ € A such that

S =So+ Sih+ Soh?+ -

solves the QME. We analyze this order by order in .

o8
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h'-order

The A'-term of the QME is
hASy + h{So, S1} =0
i.e. we are looking for S solving
051 = —ASp.
Since 62 = 0, a necessary condition for the solvability of S is
d(ASp) = 0.
This indeed holds since
(S0, ASo} = —%A{SO, So} =0

by CME. Let O; = ASp. Since
001 =0,

01 represents a cohomology clas [01] € H(A,§). The above equation says that S
can be solved if and only if O; is d-exact.

Proposition 6.19. S; can be solved if and only if [01] = 0 in H'(A,J).
Now assume [O;] = 0. Let S; and :S'vl be two solutions at A'-order. Then
851 =65, = —04

thus ST — S! is d-closed. On the other hand, for any J € Ay, the solution S; + §J
and Sj are gauge equivalent in a suitable sense. Thus

solutions of S; modulo gauge equivalence} =
{ 1 gauge equiv } {HO(A,(s) if [01] = 0.

The d-cohomology class [01] is called the obstruction class at A'-order.

h>'-order

Assume we have found
Sep=So+hSy 4 - +h1S,

which solves the QME up to order AF~!
1
WAS <+ 5{ Sk, S} = O(h*).

Let us consider the problem of solving Si. The above equation can be equiva-
lently written as
AeiS<k = O(hk_Q)e%S““.

Let us write s s
k k
AeTi = (P20, + O(RF1))e

where O, is the leading term in O(h¥~2). Equivalently, we have
1
hAS <+ S{S<k, Sar} = WO, + OB

29



6 BRST-BV FORMALISM Si Li

Claim. Oy is §-closed.

Proof: Apply A to the defining equation of O, we find

A((RF=20), + O(RF=1))end<r) = A2enS<r = 0
— BF3(60), + O(h))erS<k =0
- 6Ok = 0.

The question for S, is to solve the QME at order A*:
1
RA(S< + hFSy) + 5 1Sk + B¥ Sk, Sci + hES,} = O(RFHY).
This is equivalent to

B*{So, S} + B*Or =0

i.e.

0S5k = —0k.

We are in the same situation as before. The solvability of Si is the same as
asking whether Oy, is d-exact or not. Thus

solutions of S;, modulo gauge equivalence} =
{ g sase e ; {HO(A,(S) i[04 = 0

Here [O;] € H'(A,d) is the obstruction class (gauge anomaly) for solving the
QME up to /#*. The space H'(A,6) is the obstruction space and H°(A,J) is
the tangent space or the deformation space. The above analysis leads to the
following powerful theorem on the abstract nonsense of constructing quantization.

Theorem 6.20. If H'(A,5) = 0, then Sy can be quantized to a solution S =
So 4+ hS1+--- of the QME.
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7 Effective Theory of BV Quantization

7.1 (-1)-shifted Symplectic Structure

We shall show that the geometry of classical field theory and its quantization has
a universal description in terms of (-1)-shifted symplectic structure. This is partic-
ularly convenient to quantize gauge theories in the BV framework.

We start with the finite dimensional toy model. Let (V, Q,w) be a finite dimen-
sional dg symplectic space. Here

e Vis a finite dim graded space
e Q:V — V differential, deg@ =1 and Q? = 0.
e w: A’V — R non-degenerate pairing of deg=—1, that is,
w(a,b) =0, unless |a| + [b] = 1.
e w is Q-compatible Q(w) = 0, i.e.,
w(Q(a),b) + (~1)w(a, Q(b)) = 0.
The non-degeneracy of w leads to linear isomorphisms
w: VY V)
— A2(VY) S5 AY(VL]) =~ Sym?(V)[2]
w +— K2
Here K = w™! € Sym?(V) is the Poisson Kernel and
deg(K) =1, Q(K)=0.
We obtain a triple (A, @, A) as follows
e A=0(V):=Sym(VY) (formal power series on V)
e @: A—> A derivation induced dually from @ : V — V

o BV operator
A=Ag:A— A

by contracting with the Poisson Kernel K
Ag : Sym™(V) — Sym™ (V).
Explicitly, for o;; € V'V
Ag(ar @ - @ o) :Zi<K,O¢i®Oéj>Oé1®--'&i®"'&i®'--®am.
i<j
e Since K is Q—closed, we have
(@, Ak] = QAx + AxkQ =0
Therefore (A, Q,A) defines a DGBV. Given such a DGBV, we can talk about

o C(Classical master equation:

1
Qlo+ 5 {Io, Jo} =0 for I € A, deg(Ip) = 0.

Then the classical BRST § = @ + {Io, —} satisfies 62 = 0.

e Quantum master equation:

1
QI+hl+{II} =0+ (Q+ A/t =0, for I=1Iy+hl,+..c AlR].

Then the quantum BRST 6" = Q + hA + {I, —} satisfies (6")2 = 0.
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Classical Field Theory

Now we discuss the QFT situation. A classical field theory can be organized into
oo—dimensional (-1)-shifted dg symplectic space

(€,Q,w)

o & =T(X,E") the space of fields. Here E* is a graded vector bundle on X.
e (&,Q) elliptic complex

For example, Q = 0 or d.

e w: local (-1)-symplectic pairing

and compatible with Q.

Example 7.1 (Chern-Simons Theory). Let X be a dim = 3 manifold, and g be a
Lie algebra with trace pairing Tr : g @ g — R. The space of fields is

E=Q%X,g9)[1].

The degree shifting [1] gives the following intepretation.

P(X,g) | Q'(X,9) | P*(X,9) | 9*(X,9)
deg -1 0 1 2
c A AY c’
ghost field anti-field | anti-ghost

The Q = d is the de Rham differential. The (—1)-symplectic pairing is

w(a,,@):/XTr(a/\B), a,B €&

which pairs 0-forms with 3-forms and pairs 1-forms with 2-forms.

Example 7.2 (Scalar Field Theory in BV formalism). The field complez € is

Q=A+m?
—

(M) o= (M)
deg =0 deg =1
¢ ¢¥

The (—1)-symplectic pairing is

w(0,0") = [ g0

62



7

FEFFECTIVE THEORY OF BV QUANTIZATION

Si Li

UV Problem

Let us now perform the same construction of DGBV algebra following the toy
model. We first need the notion of "functions" O(V) = Sym(V") on V.

e linear function: we have to take a continuous dual and
€Y = Homx (&, R)
is given by distributions.
o (EV)®" = Homyx. xx(€®™" R) are distributions on X™. Here
e¥m =T (X", E")
is the completed tensor product. Thus
Sym™(€Y) = (€)% /S,
is well-defined by distributions on X". As a result, we can form
0(&) = [] sym™(€")
m>0
representing (formal) functions on €.

e Q:& — & induces duality Q : €Y — & on distributions, and gives rise to
Q:0(&) — 0(8).

« BV operator: Let K = w™! be the Poisson kernel as above. Since

w=[t=)

is an integral, its inverse K is a J-function distributions supported on the
diagonal of X x X. Thus K is NOT a smooth element in Sym?(&), but a
distributional section. As a result, the naive BV operator

Ag : Sym™(&Y) — Sym™2(&Y)

is ill-defined since we can not pair two distributions. This is essentially the
Ultra-Violet problem. Renormalization is needed in the quantum theory!

Before we move on to discuss the issue of renormalization, we first explain
that the classical theory is actually well-behaved. Let Oj..(€) C O(E) denote the
subspace of local functionals, i.e., those by integrals of lagrangian densities

ouwle) = { [ 2.}

Although the BV operator Ay is ill-defined, the associated BV bracket {—,—} is
actually well-defined on local functionals.

{_, _} : Oloc(g) & Oloc(g) — Oloc(e)

Pt = [x(-)

fx 4 fX 2

{CME makes sense for local functions
—

QME needs renormalization
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Example 7.3 (Chern-Simons theory). € = Q°*(X, g)[1]
A(x,9) QX g) (X9 P(Xg)

deg -1 0 1 2
c A AY cY
ghost field anti-field  anti-ghost

Let A=C+ A+ AV + CV € & denote the master field collecting all components.
Then the BV Chern-Simons action is

CS[A] = /XTT(;A/\de—éA/\ 1A, A)).

This takes the same form as ordinary Chern-Simons except that we have expand A
to get terms containing different components. The first quadratic term is denoted
by Stree, the free part. The second cubic term is denoted by I, the interaction part.

Proposition 7.4. CS satisfies the following classical master equation
{CS,CS} =0.

Proof: This follows from the general argument that classical gauge theory is orga-
nized into a solution of classical master equation. O

If we separate the free part and interaction
CS = Spree +1

It is easy to see that
{Sfreev 7} =d (: Q)
which precisely correspons to the de Rham differential. Thus

{CS,CS}=0
1 1
<:>§ {Sfreeanree} + {Sfree’l} + 5 {LI} =0
1
SQI+ {11} =0

This is precisely the form of classical master equation in our DGBV.

7.2 Effective Renormalization

Assume we have a classical field theory (€ = I'(X, E®), Q,w) with classical local
functional I (interaction) satisfying CME

1
Qlo+ 5 {lo, Io} = 0.
As we explained before, quantization asks for
Iop—I=Ig+hl1+hls+... € O(E)[[hﬂ

satisfying QME
1
“QIy + 3 {Io, I} + RAT = 0".

Problem: AT is NOT well-defined. In the following, we explain Costello’s homotopic
renormalization theory to solve this problem.
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Toy Model

To motivate the construction, let us look back again at the toy model where
(V,Q,w) is finite dim (-1)-shifted dg symplectic space. The Poisson kernel

Ky e Sme(V)

has deg(Kp) = 1 and satisfies Q(Ky) = 0. This allows us to construction the BV
operator Ag by contracting with Ky and obtain the DGBV triple (A, @, Ap).
Let us now consider the change of Ky by chain homotopy. Let

P e Sym?(V), deg(P)=0.

Define
Kp=Ko+Q(P) = Ko+ (Q®1+18 Q)P

We again have
@ Kp € Sym?(V),deg(Kp) =1
@ Q(Kp)=0

Thus we can construct a new BV operator
Ap = contraction with Kp

such that (O(V),Q, Ap) forms a new DGBV.
To see the relation with the original DGBV, denote

dp : Sym™(VV) — Sym™ (V)
where dp is a 2nd order operator of contracting with P € Sym?(V)

Proposition 7.5. The following diagram commutes
eﬁa
O(V)[[h]] ——— O(V)[[]]

Q+hAg Q+hAp

ho

O[] ——— O(V)[[n]

i.e.
(Q + hAp)eP = "7 (Q + hA).

Proof: This follows from the chain homotopy relation Kp = Ky + Q(P).

Corollary 7.6. Assume I € O(V)[[h]] satisfies QME
(Q + hAg)e!/m =0

in the DGBV (9(V),Q, Aq). Then I € O(V)[[h]] satisfies QME
(Q+ hAp)ei/ﬁ =0

in the DGBV (9(V),Q, Ap). Here I is related to I by

L/ — hdp /N
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As we have seen in the discussion of Feynman graph, the operator eor

the role of integration with respect to the Gaussian measure. The relation e

plays
I/h _

P eI/l can be read via Wick’s Theorem as
P
I = > I I
connected graphs
P

Here I serves as vertices and P for the propagator. Thus, Feynman diagrams give
the required chain homotopy between different DGBV’s.

Back to QFT

Now consider the QFT set-up (£ = I'(X, E®),Q,w). The problem is that the
Poisson kernel Ky = w™! is a d-function distribution which leads to a singular BV
operator. Nevertheless we know K is J-closed

Q(Ko) =0.
Costello’s approach: Using elliptic regularity
H*(Distribution, @)) = H*(Smooth, Q).

Thus we can replace Ky by a smooth object in its Q-cohomology class by
Ko =K, +Q(P,).
Here K, is smooth while P, (called parametrix) is singular. Define
A, : BV operator associated with K,
Since K, € Sym?(E) is now smooth,
Ar ~ O(€) is well-defined.

Definition 7.7. The DGBV (0(€),Q,A,) will be called the effective DGBV
with respect to the regularization r.

Let 7' be another regularization with parametrix P,
Ko = K, + Q(Py).
Then the two regularized Poisson kernel differs by a chain homotopy
Ky — K, = Q(P!)
where P7" € Sym?(€) is smooth. Let
8P;’ :0(8) — 0(€)

be the 2nd order operator of contracting with the smooth kernel P "
The same argument as in the toy model gives the chain homotopy

exp (hapf/ )

(0(&)[[n]], Q + hA,) > (0(8&)[[H]], Q + hAL)

T

Homotopy RG flow
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Definition 7.8 (Costello). An effective perturbative quantization of Iy (which
satisfies CME) a family
Ir] € 0(&)[[n]]
for each choice of regularization r satisfying
o Effective QME
(Q + hA,)el /P = o

e Homotopy RG flow
AV JOpy 1)/

which is equivalent to the Feynman diagram expansion

= >

connected graphs

o I[r] is asymptotic local when  — 0 and has the classical limit

ll_r}(l) I(] [7"] = I()

Here is a pictue to illustrate what is going on. The situation is very similar to
how residue is defined in algebraic geometry: we need to perturb the singularity and
define residue at the deformed configuration, and show that all local deformations
give the same answers. Here we use all "nearby" regularizations to define the
unrenormalized point.

r=20

(unrenormalized)

In practice, here are steps for constructing perturbative quantization.

D Construct counter-term I¢ € hO;,.(E)[[A]] such that

e/ lim (™% eToH)/0Y cpists

e—0

Then this naive family {I[r]N*"*¢} satisfies HRG by construction.

@ The choice of counter-terms is not unique. We need to further correct I such
that e!l"/7 satisfies QME.

D is always possible by the method of counter-term. @) is NOT always possible:
obstruction may exist which is called "gauge anomaly" in physics terminology.
Just as we have is the discussion of deformation-obstruction theory, similar story
applies here and the gauge anomaly lies in

Hl(oloc(g)’ Q + {107 7})
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7.3 Heat Kernel Regularization

There are many ways of regularizations. One method that connects to geometry is
the heat kernel regularization. Typically, fixing a choice of metric, we have

« the adjoint of the elliptic operator Q : & — &, denoted as Q : € — &,

e a generalized Laplacian, [Q, QT] =QQ"+ QQ.
Thus we can define a heat operator e HQQ for L > 0. Let K1 € Sym?(€) be the
kernel of the heat operator by

(e_L[Q’QT]a> (x) = /dy (Kr(z,y),a(y)) for a €.

Here (—, —) is the pairing from w. Note that

o Ko= }Jin%) K7, is the d-function distribution w1,
—

« K € Sym?(€) is smooth for L > 0.

Let Pp, be the kernel of the operator fOL dt QTe_t[QvQT]. Explicitly, we have

PL:/OLdt (QT®1)Kt.

The operator equation

L L
[Q, / dt QTet[Q’QT]] = / at |Q, Q" e[0T =1 — ~Hee]
0 0
can be translated into the kernel equation:

Ko-Kr=(Q®1+10Q)P;

or simply written as

Ko—KL=Q(PL).

We can use K, to define the effective QME.
For 0 < € < L, similarly the operator equation is

[Q, /5 ! dt Qfet[Q’QTq — o—c[@Qf] _ ~L[Q.Q]

or

K.~ K, =(Q®1+1®Q)PF,

where P = st dt (QT ® 1) K, is called the regularized propagator. Now we can use
PEL to connect the effective QME at ¢ with the effective QME at L via the HRG.

0 Ly Lo
.—0—.% L
I[Ll]naive H’\PiG I[L2]naive

Remark 7.9. P§® = fooo dt (QT ® 1) K is the full propagator. At t = 0, one will
encounter ultraviolet (UV) divergence since there exists a singularity for the full
propagator. On a non-compact manifold, one will encounter infrared (IR) diver-
gence at t = oo.
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Consider the case when X is compact. Let
H={pece| |0p=0} ={vece| Qp=Qlp=0} =H"(Q).

H is called the space of harmonics (or the zero modes), which is a finite-
dimensional space (by Hodge theory). Then we have

oo — dimensional (—1) — symplectic geometry (€, Q,w)

lLﬁoo

finite-dimensional (—1) — symplectic geometry (H,wry = wly)
The BV operator Ay associated with wl_{l is A = As. On the complete story

of BV quantization, as depicted in the following diagram,

0

. » L =00

I[oo] solves the QME for (0(H), Ag) at L = co. This is an interesting point where
we will find some finite-dimensional geometric data.

7.4 UV Finite Theory

In the BV formalism, the classical master equation
1
Qly + 5{10, Io}
is quantized to the quantum master equation
1
“QI + hAT + 5{[,[} =0".

As we explained as above, this naive quantum master equation is ill-defined for
local I € Oy,c(€), and we have to use regularization to formulate the renormalized
quantum master equation

QI[r] + hA T[] + %{1, I, —o.

If the effective action at regularization r can be found as

e[[r]/h = lim ehapgel/h
e—0

for I € Ooc(e)[[R]], i-e., the e-dependent counter-term is NOT needed, we say the
theory is UV finite. That is, for all regularized Feynman diagrams

PL

£
lim

e0 exist.

In this way, we can consider the limit

Ilr] — 1, r—0,
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and the r — 0 limit of the renormalized quantum master equation
1
QI+§{I,I}+~~=O

will have a local expression that deforms the CME. It is expected to be the form

L

1
h h
BT+ SB01) + 5

(LI, ) 4---=0
where {I%,1% ---} defines a quantized L.-algebra which can be viewed as traded
from A in terms of the renormalization procedure.

There are two main classes of UV finite theories.

D Topological theory (Chern-Simons type) where & is of the form of de Rham
complex. See Kontsevich [25] and Axelrod-Singer [2].

@ Holomorphic theory where & is of the form of Dolbeault complex. See Li
[28, 29] for dim¢ = 1 and Wang [39] for higher dim.

It is an extremely interesting question to figure out {l’}, lg, .-+ } in these exam-
ples. In Section 9 and Section 10, we explain the simplest example in each of these
two categories to illustrate their rich structures.

70



8

FACTORIZATION ALGEBRA

Si Li

8 Factorization Algebra

8.1 Prefactorization Algebra

Let M be a topological space. We denote Open(M) to be the category where
objects are open subsets of M and morphisms are open embeddings

Uu—V.

Definition 8.1. A prefactorization algebra % on a topological space M valued in
k-vector sapce is a functor

F : Open(M) — Vecty,
Uw+— F(U)

together with maps

mUb U F(U) @ - @ F(Un) — F(V)

o]
© @

for every finite collection of pairwise disjoint open subsets U; C V (i.e. Uy LU --- L
U, C V) such that the following properties hold

@ For U C V, mY.: F(U) — F(V) is the morphism of the functor F.

@ Compatibility: If Uj; U---UU;p, C Viand Vi U--- UV, C W, then the
following diagram commutes

k. n;
QR F(Ui)) END

=1 j=1 =1
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By definition, (&) on the emptyset is a commutative algebra. We say F is a
unital prefactorization algebra if F(&) is a unital commutative algerba.

Example 8.2. Let A be a unital associative algebra. We define a prefactorization
algebra Afot on R as follows.

o For open interval (a,b), we set

Al*((a,b)) = A.

e For open set U = I_I I; where I;’s are open intervals, we set
JjeJ
Al U) = colim ® A.

finite KCJ

Here the colimit is taken with respect to the direct system
RA4— QA
K K

for any finite indices K C K by tensoring the unit 1 € A

R ar — (Qar)@( K 1)

acK acK BeK—K

o The structure maps {mgl’""U"} are given by multiplication in A.

a1®a2®a3€A®A®A

aas a3 € AR A

ai1a2a3 € A

Example 8.3. Let A be a unital associative algebra. Let M be a left A-module and
N be a right A-module. We can associative a prefactorization on

X =0,1]

as follows.
o ForU = |_| I; C (0,1) where I;’s are open intervals, we associate

jed

FU) = colim ®A

finite KCJ

o For U = U, UU;y where Uy C (0,a), Us = (a,1]
Uy U,
|

L Y L
! \ S 1

o For U = U, UUsy where Uy C (b,1), Uy =[0,b)
Us

Ux
B\
J

WV

| L
I \
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o ForU =U, UUy U Us where Uy = [0,a), Uy C (a,b), Us = (b, 1]

Uy Us Us
D - >—¢€ | FU)=N®®IF(Us)® M.

I /X 1

Example 8.4. Let E — X be a vector bundle on X. For each open set U C X,

we associate
F(U) = Sym (I'(U, E)).

Here I'.(U, E) are compactly supported sections of E inside U. Using extension by
zero, we have
(U, E) = T.(V,E)

for U C 'V, which induces
FU) = F(V).

For finite pairwise disjoint Uy U --- U Uy,

r.( |Us, E) = é I.(U;, E),
7 =1

and
Sym (To(| | Ui, B)) = Sym (P T(U;, E)) = (R) Sym (To(U;, E)).
% =1 =1
This shows . .
F(|v) = QW)
=1 i=1

and so we obtain a prefactorization algebra.
Definition 8.5. A morphism of prefactorization algebras
p:F—G

consists of maps ¢y : F(U) — G(U) for each open U C M which are compatible
with structure maps, i.e., the following diagram commutes

FU) @ - @ F(U,) 2200

|
(V

S(U1)®---®9(Un)

|
(V

F(V) > G

ov

)

Thus prefactorizations algebras form a category.

8.2 Factorization Algebra

Definition 8.6. Let U be an open set in M. An open cover ¢ = {U; C U},.; of U
is called a Weiss cover if for any finite collection of points {x1,...,x;} in U, there
is an open set U; € U such that {z1,..., 23} C Uj.

Proposition 8.7. If { = {U;} is a Weiss cover of U, then for any n > 0,

{Uz’n}z‘el

is an open cover of U" =U x ... x U.
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Proof: For any (x1,--- ,x,) € U™, there exists Uj, s.t.
{x1,~~- ,xk} (- Ui — (xl,--- ,xn) S UZn

O
Example 8.8. The collection {U with finite points deleted} is a Weiss cover of U.

Definition 8.9. A prefactorization algebra F on M is called a factorization algebra
if for every open U C M and every Weiss cover U = {U;},.; of U, the following
sequence is exact:

DTN T;) —— SIWy) — TO)

~
o

Recall that a sheaf € of k-vector spaces on M is a functor
€ : Open(M)°? — Vecty,

satisfying the gluing condition: for any open cover U = {U;};.; of U,

0 » E(U) » By EU) —— @i,jg(UimUj)

forms an exact sequence. This means that a section s of £(U) can be uniquely
specified as sections s; on each U; that agree on the overlaps Si\UmUj = Sj|UimUj-
Dualizing the arrows, we arrive at the notion of cosheaf.

Thus a prefactorization algebra F is a factorization algebra if it is a cosheaf
with respect to the Weiss topology.

Example 8.10. Let E — X be a vector bundle on X. We denote €. the cosheaf
£.(U) = To(U, E)
which assigns compactly sections on U. Denote
F = Sym(&,)
the prefactorization algebra where
F(U) = Sym(&.(U))
We show that F is a factorization algebra. Let U C M be open and
U={U; C U},
be a Weiss cover of U. We need to show

@D Sym(E.(U;NU;)) —— @ Sym(E.(U;)) —— Sym(E.(U)) —— 0
vg€el iel
is exact. Observe that R
E (V)™ = e (U™)

where EX™ is the cosheaf on U™ of compactly supported sections of E¥™. Decom-
posing into each tensor component, we need to show

@ e UiNTy) — PEU)) —— EF(U) —— 0
ijel il

is exact. Since {U;};c; is a Weiss cover, {U]"},.; form an open cover of U and

i€l
(Ui N Uj)m = Uzm N U]m

Thus the exactness follows from the cosheaf property of EX™ on U™.
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More generally, we can define prefactorization algebra F valued in a cochain
complex. Thus F(U) is a cochain complex for each U C M. For any cover { =
{U; € U},¢;, we can similarly define Cech cochain

)= @ FU,N..0U;)

J0s5,dp distinct

and the Cech complex as the total complex of
Cy, %) =P cre,9)
p=0

Definition 8.11. A homotopy factorization algebra is a prefactorization algebra
F on M such that for every open U C X and Weiss cover 4 of U, the natural map

v

O, F) — F(U)

is a quasi-isomorphism. Thus, F is a homotopy cosheaf with respect to the Weiss
topology.

In Costello-Gwillian [11], it is shown that perturbative BV quantization leads to
(homotopy) factorization algebras. Such factorization algebra describes "quantum
observables", and the factorization property is the local-to-global property.

Example 8.12. As an example, consider topological quantum mechanics on the
phase space R?" (see Section 9 for details). The space of fields is

& =0Q°(SYH) R
Given U C S, observables Obs(U) inside U are functions on
EU) =Q%(U) ® R,

e Local observable: for U a small interval,

U

Q*(U) ~ R are quasi-isomorhic by Poincaré’s Lemma. Thus
Obs(U) = O(E(U)) = O(R™) = R[z', pi]

o Global observable: for U = S' which has a nontrivial homology

Q(SY) ~ H*(S') =R ® R[-1]
Thus global observables on S* can be modeled by
Obs(S") = G(Q(S") 8 RZ") ~ G(R*" @ R [-1]) ~ Rl p;, da’, dp;].

The relation between local observable Obs(U) = R[z%,p;] and global observable
Obs(SY) = R, p;, dxt, dp;] is precisely the Hochschild Homology (by Hochschild-
Kostant-Rosenberg (HKR) Theorem,).

St — factorization Homology = Hochschild Homology
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At the quantum level, local observables become the Weyl algebra
Al = (A[[R]], %) *x = Moyal product
Then quantum correlation functions in this model (see Definition 9.10)

fo

(L7

leads to an explicit chain map (Gui-Li-Xu [2/] and Li-Wang-Yang [372])
(Co((A[[R]], ) — (Q[[A]], RA).

Here (Co((A[[R]],b) is the Hochschild chain complex of the Weyl algebra A", A =
%L, is the Lie derivative with respect to the Poisson bi-vector w™! =3 821- A 821"

This chain map becomes a quasi-isomorphism if we invert h
(Co((A((R)),b) — (2% ((R)), hA)

which can be viewed as the quantum HKR map.
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9 Topological Quantum Mechanics

In this section we study the example of topological quantum mechanics and illus-
trate its connection with deformation quantization and algebraic index theorem.

9.1 Deformation quantization

The method of deformation quantization was developed in the series of papers by
Bayen, Flato, Fronsdal, Lichnerowicz, Sternheimer [1]. The space of the real-valued
(or complex-valued) functions on a phase space admits two algebraic structures:
a structure of associative algebra given by the usual product of functions and a
structure of Lie algebra given by the Poisson bracket. The study of the properties
of the deformations (in a suitable sense) of these two structures gives a new invariant
approach for quantum mechanics.

quantization

/\

Poisson algebra Associative algebra

\/

h—0

This is essentially the quantization method in quantum mechanics, in which a
function f on the classical phase space is quantized to an operator f.

Definition 9.1. A Poisson manifold is a pair (X, P), where X is a smooth
manifold, and P € I'(X, /\QTX) satisfying { P, P}qy = 0.

Here {—,—}qy is the Schouten-Nijenhuis bracket. P is called the Poisson
tensor /bi-vector. In local coordinates, we can write

P = ZPU<$)61 A 8]'.
,J

It defines a Poisson bracket {—, —}p on C*°(z):

{f.9}p =) _ P90,f0;9. Vf geC®a).

1,J

Here {P, P}qy = 0 implies that {—, —}, satisfies Jacobi identity. Hence {—, -},
naturally defines the Poisson algebra (C*°(x), {—, —}p).

Example 9.2. Let (X,w) be a symplectic manifold, where w = %Z” wijda’ A da?
is the symplectic 2-form. Let

1 .
P=w'l= 52&)”&/\@',
/l‘?j

where (w') is the inverse of (wij). Then

Hence (X,w™!) defines a Poisson manifold.

77



9

TOPOLOGICAL QUANTUM MECHANICS

Si Li

Definition 9.3. A star-product on a Poisson manifold (X, P) is a R[[A]]-bilinear
map
C=(X)[[R]] x C=(X)[[A]] = C>(2)[[A]
fxg ©frg=> hep(f.g)

k>0
such that
(1) « is associative: (fxg)*xh = fx(gxh),
(2) frg=fg+0(h), VfgeC>(),
(3) 3 (fxg—gxf)=n{f.g}+ 0", Vf.geC=(X),
(4) ¢ : C®(X) x C®°(X) — C*°(X) is a bidifferential operator.
Then (C*°(X)[[h]],*) is called a deformation quantization of (X, P).

The definition of deformation quantization is purely algebraic. The existence of
deformation quantization is highly nontrivial. DeWilde-Lecomte [13] obtained the
general existence of deformation quantization on symplectic manifolds via cohomo-
logical method in 1983. Independently, Fedosov [17] presented another beautiful

approach via differential geometric method in 1985. More generally, Kontsevich
[26] gave the complete solution for general Poisson manifold.

Example 9.4. Let X = R?", with Poisson tensor

1 Z“
P = B Z PYo; A 8j
i,J
Here PY are constants. Given f(z),g(z), define the Moyal product x by
h .0 0
- 2N pi 29
(Frg)w) =exp | 5D 3 55 f(y)a(2)

i?j

or pictorially,

0 pij 0

( ox? oxJ )

Then x defines a deformation quantization.

Remark 9.5. If P # constant, then the above formula does not work.

The BV structure naturally arises as follows. Let (V,w) be a linear symplectic
space, where V ~ R?" and w : /\2V — R is a symplectic pairing. Write

O(V) = Sym(V") = [[ sym*(v"),
k>0

where V'V = Hom(V,R) is the linear dual of V. Then the Moyal-Weyl product
defines an associative algebra (5’\ (M)A, *), called the (formal) Weyl algebra.
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9.2 Fedosov quantization

We will focus on symplectic manifolds now. Fedosov [17] gave a simple and geomet-
ric construction of deformation quantization on symplectic cases. On a symplectic
manifold (X, w), the tangent plane 7, X at each point p € X is a linear symplectic
space. Quantum fluctuations deform the algebra of functions on 7, X to the asso-
ciated Weyl algebra. These pointwise Weyl algebras form a vector bundle — the
Weyl bundle W(X) on X.

Definition 9.6. Let (X, w) be a symplectic manifold. We define the Weyl bundle

W(X) = [[ sym* (7% X) [[7]].
k>0

So at each point p € X, its fiber is
W(X)I[, = 0 (T, X) [[A]]-

Here & refers to formal power series functions.

A local section of W(X) is

O'(l',y) = Z hkak,ilu-il (l‘)y“ e yil7
k>0

where {z} are the base coordinates and {y} are the fiber coordinates; aj,...;,(x)
are smooth functions. Since (TpX , w\Tp X) is linear symplectic, we have a fiberwise

Moyal product, still denoted by *. Thus (W(X),*) defines the oo-dimensional
bundle of algebras.

Let V be a connection on T'X which is torsion-free and compatible with w (i.e.
Vw = 0). Such connection is called a symplectic connection (which always
exists and is not unique). V induces a connection on all tensors. In particular, it
defines a connection on W(X), still denoted by V. Its curvature is

1

2
Va—h

[Ry,o],, Voel(X,W(X))

where

1 o
ZRijkly’yjdmk Adzt € (X, W(X))

is a 2-form valued in the Weyl bundle W(X); R;jx = wimR™ i1 is a curvature form
contracted with the symplectic pairing.
Given a sequence of closed 2-forms {wy};~; on X, Fedosov shows that there

Ry =

exists a unique (up to gauge) connection on W(X) of the form V + % [, —],, where
v € QN (X, W(X)) is a W(X)-valued 1-form, satisfying some initial conditions and
the equation

1
Vy+ =77, + Rv = wn (Fedosov equation)

2h
where wy = —w + > 15 hFwy,. Let
1
D=V+ ﬁ [77 _]*
be the Fedosov connection. Then the Fedosov equation implies
1
2
D” = ﬁ[wﬁa_]*zo
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where wy, is constant along each fiber, and thus a central term. So we obtain a
flat connection D on W(X). As we will see, Fedosov connection has the geometric
interpretation of quantum master equation [21, 24].

Let Wp(X) :== {0 € I'(X,W(X)) | Do = 0} be the space of flat sections. Then
(Wp(X),*) is an associative algebra. Let

o:Wp(X)— C(X)|[h]]
be a symbol map by sending y +— 0. Then ¢ is an isomorphism, and

frgma(o7t(f)xo7" (9))

defines a deformation quantization. wy is the corresponding characteristic class
(or moduli).

9.3 Algebraic Index Theorem

Given a deformation quantization (C°°(X)[[%]],*) on a symplectic manifold with
characteristic class wy, there exists a unique trace map

Tr - C*(X)[[A] = R((n))
satisfying a normalization condition and the trace property:

Tr(fxg)=Tr(gxf).

Then the index is obtained as the partition function of the theory, which can
be formulated as

Index = Tr(1) = / ermA(X),
b's

where A(X) is the (formal) A-genus of X. This is the simplest version of algebraic
index theorem formulated by Fedosov [18] and Nest-Tsygan [37] as the algebraic
analogue of Atiyah-Singer index theorem.

We can similarly construct a deformation quantization for C*° (X, End(E)) [[A]]
and construct the trace map, then we have

Tr(1) = / en/" Ch(E)A(X),
X
where Ch(FE) is the Chern character of the vector bundle E over X.

Relation with QFT

In supersymmetric (SUSY) QFT, localization often appears, in which the path
integral on € is often localized effectively to an equivalent integral on a finite-
dimensional space M C € describing some interesting moduli space:

/eiS/h _ / (_) )
& M
In topological QM, we find

/ e_S/h hzo/ (_)7
Map(S1,X) X
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where Map(S?, X) is a loop space, and [ « indicates the localization to a constant
map. The path integral will be captured exactly by an effective theory in the formal
neighborhood of constant maps inside the full mapping space. Exact semi-classical
approximation in 2 — 0 allows us to reduce the path integral into a meaningful
integral on the moduli space of constant maps, i.e., X. The left-hand side usually
gives a physics presentation of the analytic index of certain elliptic operator; the
right-hand side will end up with integrals of various curvature forms representing
the topological index.

X
()— O—@-=
Sl S 1
localized effective theory

Geometrically, a loop space is mapped to a localized neighborhood of a point
in X (specified by the constant map), where a localized effective theory exists.
Locally, by the choice of Darboux coordinates, X can be thought of as a standard
phase space, R?". The loop spaces are then glued together on X as a family of
effective field theory. This can be done rigorously within the framework of effective
BV quantization [21]:

« effective action ~» 7,
e QME ~» Fedosov equation,
e BV integral ~» trace map,

e partition function ~» algebraic index.

9.4 Local Theory

In this section we study topological quantum mechanics in terms of the effective
renormalization method, and use it to prove the algebraic index theorem. We follow
the presentations in [21, 24].

Local model

Let’s consider the standard phase space (V,w), where V ~ R?" with coordinates

1

(Il,"',ﬂfn,l‘ a"'?x2n):(qa"'vqnapla"')pn)

and .
w = Z dp; A dg'.
i=1
Let Scll r be the (local ring) space with underlying topology of a circle, S 1 and a
structure sheaf @(S];) = Q%,, which is a dg (differential graded) ring of differential

forms, with the de Rham differential operator d.
Consider the local model describing the space of maps

QOSC%R%VERQn

Such a ¢ can be identified with an element in Q% ® V. Explicitly, let 6 be the
coordinates on S' (with the identification 6 ~ 6 + 1). The space of maps can then
be written as

{¢} = {Pi6),Q'0O)} ;... PiQ €.
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Writing in form component,
P;(0) = pi(0) + ni(0)do, Q'(0) = ¢'(6) + £'(6)do.

So the space of fields is
€= le RV

The triple (Q:gl ®V.,d, fSl (—, —>w) is an co-dimensional (—1)-dg symplectic space.
The action is the free one:

Sp] = /S1 (@, dep),,
=% [ B0 =3 [ no)ii )

Remark 9.7. This is the first-order formalism of topological quantum mechanics
along the line of the AKSZ construction [1].

Propagator
Let us choose the standard flat metric on S'. Let d* be the adjoint of d. The

Laplacian is
d 2
d,d)=—--—=] .

0 0 1 0 0 0 0
M=w'=) — A== o ® 2
N Zi:@piAaql ZZ<0pi®8ql 8q’®8pi> <AV

%

Let

be the Poisson bivector (or Poisson kernel). Let

1 (01—02+n)?
h ((91, 92) = Z e ! 4%+
EZ

VAt

n

be the standard heat kernel on S!. Then the regularized propagator is
L
PEL = / 891ht (91,92) dtRIl € ER®E,
£
where fEL Op, he (01,02) dt € C°(St x SY) and Il € V ® V. Let us denote

P (61,00) = /OOO Do, he (61, 02) dt.
Then the full propagator is given by
P =P5 QIL
Proposition 9.8. P5' (01,02) is the following periodic function of 01 — 0 € R/Z

where

1
ps (61,02) =61 — 62— 5 if0<b—0 <L
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ps!
1
2'
— L L 0, — 0
2 10172 Lo
1
-3

PS' is NOT a smooth function on S' x St (as expected), but it is bounded.

Correlation map

Let us denote the formal Weyl algebra

Wan = (RI[pi, 1) (R)), %) .

and the formal Weyl subalgebra

W3, = (Rllps, ¢ NIIA]] %)

where * is the Moyal-Weyl product. We can identify the formal Weyl subalgebra
as (formal) functions on V' (via deformation quantization):

W ~ (ﬁ(V)[[n]],*) .

Given fo, fi, -+, fm € Way,, we define Oy, ¢, ... 7, € O(E)((h)) by

Ot = [ 0102+ d0n 13 (9(00)) i (2(01)) - 11D (o (0m))

0<01<02<-<Om <1

Here p € Q% @ V. [f(p(0) = f(P:(9),Q%(0)) € Q% and we decompose it as
F((0)) = FO(0)) + f D ((6))db.

3" db,

f€0:0<91 <Oa<--<Om<1

FVas,

#Dap,, £

Remark 9.9. fM(y) is the topological descent of £(©)(¢) in the sense of Witten.

Now let us apply the HRG flow, exp (RP5°) (O, £, £, )- Since Pg° is bounded,
it is convergent and well-defined! This is the UV finite property. As we have
discussed, at L = oo, we can view it as defining a function on zero modes

H=H*(QyW®V,d) =H(SH @V =VaoVd.

We have O'(H) = ﬁg; forms on V.
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Definition 9.10. We define the following correlation map:
D pree t Wan @ @ Wy — Q52((R)

by
(oo fi®w - ® fm>free = exp (hFg°) (Of()vflv"'afm)‘H
In the path integral perspective, this is
(fo® L&+ ® fin) ree (@) = /I o DRV gy plp ], aeH=HY(SH®V.
md*C

Here the zero modes « is viewed as the background field. It can also be represented
as a Feynman diagram as follows.

« (07

(Cyclic) Hochschild complex reviewed

Let A be a unital associative algebra and A := A/(C-1). Let C_,(A4) = A®@ A®P
be the cyclic p-chains. It carries a natural Hochschild differential

b:C_p(A) > C_pi1(4), p>1

by

blag ® -+ ®ap) = (—1)Papao ® - - ®ap1+z Yiap ® -+ @ a;ai41 ® - @ ap.

b
—
ai+1~ |
a;
ai
a
ap 0

Then the associativity implies bob = 0. Thus, (C_e(A),b) defines the Hochschild
chain complex.
We can also define the Connes operator:

B:C_p(A) = C_p_i(A)
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by
p .

Blag®-- ®apy) =104 @ Qap+ Y (-1 06®  @ap@a @ @ a;1.
=1

We have the following relations:
¥ =0, B*=0, [b,B]=bB+Bb=0.
Let u be a formal variable of deg = 2. Then (b+uB)? = 0. This defines a complex
CCPY(A) = (C_e(A)[u,u™"],b+ uB),

called the periodic cyclic complex.

Back to Correlation map

It is not hard to see via type reason that
<' ) '>free : C—p (WQN) - 92_75((77‘))7

ie. (fo@fHL®--® fp>free is a p-form. Recall that ﬁgn' is equipped with a BV
operator A = £_,-1 = L1g.
Proposition 9.11 ([24]).
(=) pree = RAC ) free s
<B(*)>free = don (- '>free :

Here doyy, : ﬁ;; — (AZQ_('H) is the de Rham differential.

n

In other words, the correlation map:
<' ’ ’>free : C—°(W2n) - Q2_n.((h))
intertwines b with A and B with ds,. We can combine the above two to get
() pree : CCTY (Wan) = Qa0 (7)) [u, u™]

which intertwines b + uB with AA + udo,.

BV integral on zero modes

2n >

We can define a BV integration map on the BV algebra ((Al_' A) which is only

non-zero on top forms QQ_,?" and sends

Be Q2 " n3
2n n!LH

p=g=0

This is the Berezin integral over the purely fermionic superLagrangian. We can
extend this BV integration to an S'-equivariant version by

/BV : ﬁgn'[u,ufl] — R((h))[u, ufl], B~ (u”em“/“ﬁ)‘

p=q=0

Then it has the following property
/ (RA + udgy) (=) = 0
BV
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Remark 9.12. For 8 € SA);n' , the equivariant limit

hn
lim B = —ii
u—oo [ gy n!

p=q=0
gives back the Berezin integral.

Combining the above maps, we define

Tr = / o (Y pree : CCPT (Wan) — R((R)) [, u™"]
BV
which satisfies the following equation:
Tr ((b+uB)(—)) = 0.

Therefore Tr descends to periodic cyclic homology. This is essentially the
Feigin-Felder-Shoikhet formula.

Quantum Master Equation

We can generalize slightly by considering a graded vector space V with a deg = 0
symplectic pairing w. We still have the canonical quantization (5 (V)[[h]],*) by

Moayl product and similarly can define the BV algebra of forms ((AZ‘_/', A= Lw_1>.
The same trace map gives

() ree e (GWIIAN) = Q5°((R), b hA.

Given v € ﬁ(V)[[h]], deg(y) = 1, it defines an action functional:

L= [ ) veeashay,
Sl

Let us treat I, as an interaction and consider

;/51 <so,d<p>+/slv(s0).
—_— Y——

free part Iy
Then we run the HRG flow to get

I‘/[OO} = eﬁapoo lIV

1
eh 0 eh

which is well-defined since P5° is bounded.
Let us now analyze the QME. By construction,

erlvloo] — <1 ® 6v/h>

free

Assume vy xy = % [7,7], = 0. Then

hAenvool — <b (1 ® 67/h>> =0.

free

Proposition 9.13 ([21]). If [v,7], = 0, then the local interaction I, = [ v(p)
defines a family of solutions of effective QME I,[L] at scale L >0 by

1 1
enbll = fim Pk ey,
E—0O0
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9.5 Global Theory

Recall in Local Theory, we have discussed the first-order formalism of TQM such
that in a local model with maps ¢ : Q% — V =~ R?", the correlation map

() free : C=a(Wan) = Q3°((h))

intertwines b with hA and B with do,.

In this section, we are going to glue this construction to a symplectic manifold
and establish the algebraic index to universal Lie algebra cohomology computations.
The basic idea is to glue the local model ¥ — TMedel X [24].

Gluing via Gelfand-Kazhdan formal geometry

Definition 9.14. A Harish-Chandra pair is a pair (g, K), where g is a Lie
algebra, K is a Lie group, with

« an action of K on g: K <+ Aut(g),

o a natural embedding: Lie(K) R g, where Lie(K) is the Lie algebra associ-
ated with K,

such that they are compatible:

Lie(

e
\ lad] oint

Der(g)

Definition 9.15. A (g, K)-module is a vector space V' with
e an action of K on V: K -2 GL(V),
« a Lie algebra morphism: g — End(V),

such that they are compatible:

Lie(K
End(V

Definition 9.16. A flat (g, K)-bundle over X is

e a principal K-bundle P - X,

« a K-equivariant g-valued 1-form v € Q(P, g) on P,
satisfying the following conditions:

(1) Va € Lie(K), let &, € Vect(P) generated by a. Then we have the contraction
(&) = a such that

0 —— Lie(K) —— Vect(P

\l
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(2) ~ satisfies the Maurer-Cartan equation

1
d7+§[7>7] =0,

where d is the de Rham differential on P, and [—, —] is the Lie bracket in g.

Given a flat (g, K)-bundle P — X and (g, K)-module V, let
QPV)=Q(P)V
denote differential forms on P valued in V. It carries a connection
Vi=d+v:Q%P V)= Q(PV)

which is flat by the Maurer-Cartan equation. The group K acts on Q°*(P) and V,
and hence inducing a natural action on Q°*(P, V).
Let
Vp =P xgV

be the vector bundle on X associated to the K-representation V. Let Q°*(X;Vp)
be differential forms on X valued in the bundle Vp — X. Similar to the usual
principal bundle case, V7 induces a flat connection on Vp — X. This defines a (de
Rham) chain complex (Q°(X;Vp), V7), and H*(X; Vp) denotes the corresponding
de Rham cohomology.

Next we discuss how to descend Lie algebra cohomologies to geometric objects
on X.

Definition 9.17. Let V be a (g, K)-module. Define the (g, K) relative Lie
algebra cochain complex (C}, (g, K; V), 0Lic) by

Clie(8, K; V) = Homg (A’ (9/ Lie(K)) , V).

Here Homg means K-equivariant linear maps. O is the Chevalley-Eilenberg

differential if we view CY, (g, K; V) as a subspace of the Lie algebra cochain Cf;_(g; V).

Explicitly, for a € CY, (g, K; V),
ptl ‘
(OLie) (a1 A+ ANapy1) = Z(—l)l_lai coc(ar A NN N Gpg)
i=1
Y (D) (@ a] A A A AT A Adpra).
i<j

The corresponding cohomology is H7;, (g, K; V).

Given a (g, K)-module V and flat (g, K)-bundle P — X with the flat connection
v € QY(P,g). We can define the descent map from the (g, K) relative Lie algebra
cochain complex to V-valued de Rham complex on P by

desc : (Czie(g7 K; V)? 0Lz’e) - (Q.(X» VP)) VW) y Qe OK(’}/’ e 77)
inducing the cohomology descent map

desc: H}, (9, K;V) — H*(X; Vp).
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Fedosov connection revisited
Recall the (formal) Weyl algebras
Wan = R[[pi, ¢']((R), W4, = Rl[ps, ¢']][[7]]

with the induced Lie algebra structure such that the Lie bracket is defined by

9= 3 gl = 5 (Frg =g+ ).

Let Sps,, be the symplectic group of linear transformations preserving the Pois-
son bivector II. It acts on Weyl algebras by inner automorphisms. We can identify
the Lie algebra sp,,, of Spy, with the quadratic polynomial in R[p;, ¢'], and sps,,
is a Lie subalgebra of W3, . The action Spy, ~ R?" induces Spy, ~ W;... Hence,
(W3, Spay) and (Wap, Spy,) are Harish-Chandra pairs.

Let (X,w) be a symplectic manifold, and Fs,(X) be the symplectic frame bun-
dle. We have the Weyl bundles

W;E— = FSp(X) Xsp% W;n, WX = Fsp(X) Xsp2n Wgn.
Consider the Harish-Chandra pair

(ﬁ? K) = (g/Z(g)7 San)a
where g = Wi

o, and Z(g) = RJ[A]] is the center of g, Z(g) N spy, = 0. Fedosov
constructed a flat (g, K)-bundle Fg,(X) — X and HY(X; W¥) gives a deformation
quantization. Choose the trivial (g, K')-module R((%)). Then

desc : Oy, (W3, 50205 (1)) ) = Q% ((R).
This is the Gelfand-Fuks map. Here

Chic (Wi 502 R(N) ) = Chic (WS, 502, © Z(W5, )i R((M))) -

Characteristic classes

Let us review the Chern-Weil construction of characteristic classes in Lie algebra
cohomology. They will descent to the usual characteristic forms via the Gelfand-
Fuks map.

Let g be a Lie algebra, and h C g be its Lie subalgebra. Let the projection map

pr:g—b

be the h-equivariant splitting of the embedding h C g. In general pr is not a
Lie algebra homomorphism from g to h. The failure of pr being a Lie algebra

homomorphism gives R € Hom (/\Zg7 h) by

R(OZ,B) = [pr(a)vpr(ﬁ)]h — pr [aaﬁ]g7 aaﬁ €g.

The h-equivariance of pr implies that R € Homy (/\2(9/ h),f)). R is called the

curvature form. Let Sym™ (Y)Y be h-invariant polynomials on b of homogeneous
degree deg = m. Given P € Sym™(hY)", we can associate a cochain P(R) €
C?7(g,h; R) by the composition
2m /\mR m P
P(R): N™"g —— Sym™(h) — R.
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It can be checked that OpiP(R) = 0, defining a cohomology class [P(R)] in
H?™(g,h;R) which does not depend on the choice of pr. Therefore we have the
analogue of Chern-Weil characteristic map

x i Sym®(h¥)? — H*(g,);R), P+ x(P) = [P(R)].
Now we apply the above construction to the case where
Wérna h= spo, D Z(g)

Any element f in g = W;rn can be uniquely written as a polynomial f = f(v*, h),
with coordinates (y*,--- ,y™, y" L - y*) = (p1, -+ ,Pn,q', - ,q"). Define the
h-equivariant projections

1 o
pry(f) = 5 Zaz-ajf Y'Yy € spap,
J y=h=0

prs(f) = fly—o € Z(9)

We obtain the corresponding curvature

Ry = [pr(=),pr(=)] — pry [-, ] € Hom(A\’g, 5ps,),
R3 = — prs [_7 _] S Hom(/\2ngHhH)

Remark 9.18. A more general case can be considered when we incorporate vector
bundles, where g = W5+ h (g[ (W;n)), h = spy, ® hgl © Z(g). There the extra
projection pr, and its corresponding curvature Rp are defined as elements in Agl

and Hom </\27 g[), respectively. It is worthwhile to point out that all the Homs
here are only R-linear map, but not R[[A]]-linear, although g is a R[[A]]-module.
We now define the g—genus

X(spgn) = [det (%) 2] € H*(g,h; R).

Proposition 9.19. Under the descent map desc : H*(g, h;R((h))) — H*(X)((h))
via the Fedosov connection, we have

~

desc ((A(spy,) ) = A(X),
desc (R3) = wy, — hw.

Universal trace map

Recall that using Q% — R?", we have obtained

T~ [ 0() e COTT(Wa) = K = R

Let us write
Tr € Homg (CCPY (W), K) .

This is a (W3,,, Spay, )-module. Via the flat (W3, , Spy, )-bundle Fs,(X) — X, we
obtain the associated bundle

EPT = Fyp(X) Xgp,, Homg (CCPY (Wa,), K)
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with induced flat connection V7.
Recall the Weyl bundle W(X) = Fg,(X) xgp, Way, with flat connection V7. We

would like to glue Tr on X. Let us denote 6 for the differential on Homg (CC*Y (Wa,),K)

induced from b+ uB. So
dTr=Tr((b+uB)(—)) =0.
We can view Tr as defining an element in
C2ie (8, Homg (CCPY (Wan), K))
where we take

However, Tr is NOT g-invariant, i.e. dpje Ir # 0. In other words, Tr is NOT a map
of (g, Spy,)-module. So Tr can not be glued directly.

It is observed that O Tr = §(—). It turns out that we have a canonical way
to lift Tr to

Tt € O}, (8, b; Homg (CCPS (Wa,), K))

such that
Tr = Tr +terms in C70 (g, b; Homg (CCPY (Wan), K))

and satisfying the coupled cocycle condition
(Oic + 6) Tr = 0.

Tr is called the universal trace map. Let us insert 1 € Wa,, then ﬁ(l) is
Orie-closed, which defines the universal index, [ﬁ(l)} € H7, (9,h;K).

Theorem 9.20 (Universal algebraic index theorem).
[To(1)] = wne /0 Aoy, ).,

where for A=Y Ay, Ap € HP(g,b;K),

p even
Ay =) uPPA,
p
This theorem is developed in the works of Feigin-Tsygan [20], Feigin-Felder-
Shoikhet [19], Bressler-Nest-Tsygan [3], and many others. This can be naturally

generalized to the bundle case [21].
Now we apply the Gelfand-Fuks (descent) map on Tr, such that

Clic (9, b; Homg (CCPJ(Wan), K))

ldesc

Q* (X, Homg (CCTY (W(X)),K))

Let Wp(X) be the space of flat sections of W(X) that gives a deformation quan-
tization. Then

desc(Tr) : CCP (Wp(X)) — Q*(X) (W) [u,u™], b+ uB r— dx.
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In particular, it defines a trace map in deformation quantization by
f e Wh(X) b—)/ desc(T5) (1) € R((R)).
X

We can show that [, desc(r/f;)(f) does not involve u. By the universal algebraic
index theorem, we have

/X desc(Tr)(1) = / /M A(X).

X
This gives the algebraic index theorem.

Construction of universal trace map Tr

We have the following relations.

background symmetry ‘ ‘ connection form

\ /

interaction

Let © : g — W5 /Z(W3) = g be the canonical identity map. For each f €
Wi, /Z (W3, ), we have defined the local functional on & = Q*(S') ® R?" by

If(p) = Slf(@), p €&

Then © gives a map
I@ g — Oloc(g)a f = I@(f)

We can view this map as
Io € CY(g, 010c(€)) = 8" @ O1e ().
Now we can construct Tr € C?,. (9,h; Homg (CCPY (Way),K)) by

T (fo®fL® @ fm) :=/

BV

1 1
« _7f 1 {p,do)++ 1o "
_/ / € 2n7S h Of()?flf":fm :
BV JImd*Cé&

Computation of index

1 (]
exp (WP5°) (Ofy pi @) € C°(0,0;K),  fi € Wan

The Weyl algebra Ws,, can be viewed as a family of associative algebras param-
eterized by h. This leads to the Gauss-Manin-Getzler connection Vg,
CCP)(Way,). The calculation of index consists of the following steps:

(1) Feynman diagram computation implies

ﬁ(l) — e Ra/(uh) A\(ﬁpzn)u +0(h)
——

1—loop computation

(2) Computation of Gauss-Manin-Getzler connection shows Vpg, <6R3/(“h)ﬁ(1))
is O ie-exact.
(3) Combining (1) and (2), we find

Tr(1)] = [ure /D Aspy, )| € HY (g,b:K).
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10 Two-dim Chiral QFT

We have discussed the first-order formalism of topological QM, where the fields are
differential forms Q°(S1, V) on S! valued in the vector bundle V with the de Rham
differential d. Here d being part of the BRST operator implies that “translation is
homologically trivial.” This defines a topological theory.

We will now consider 2d chiral models where the fields are complex differential
forms, Q%* (3, h) with the Dolbeault differential 3. The Dolbeault differential being
part of the BRST operator implies that “anti-holomorphic translation is homolog-
ically trivial,” which in turn defines a chiral (or holomorphic) theory.

In topological QM, the theory is UV finite. The general consideration in Section
7.4 applies and we find that the renormalized QME is traded to Moyal commutator
and Fedosov equation. We will see that 2d chiral theory is also UV finite and we
have a similar geometric result for QME [29].

10.1 Vertex algebra

As discussed in Section 1.2, in 1d topological theory we have associative algebra
defined by the fusion a-b; in 2d chiral theory we have (chiral) vertex algebra defined
by A(n)B. The algebras are found when one operator approaches another either
on a line (for 1d) or on a plane (for 2d).

- W/

(A B)(
- (n)
a-b Al2)B o G

=1}
S0

On a plane, the “product” (binary operation) depends on the location holomorphi-
cally, leading to co-ly many binary operations.

Definition 10.1. A vertex algebra is a collection of data:
o (space of states) a Z-graded superspace V = Vo @ Vy,
(vacuum) a vector |0) € Vy,
(translation operator) an even linear map 7' : V — 'V,
(

state-field correspondence) an even linear operation (vertex operation)

Y(—,2):V—>EndV[z2], AmY(A2)=> Ayz
nel

such that Y(A4,2)B € V((2)) for any A, B € V.

The data are required to satisfy the following axioms:

o (vacuum axiom) Y'(|0), z) = 14,, i.e. for any A €V,

Y (A, 2)|0) € V[[z]] and ll_rf(l) Y (A, 2)|0) =

o (translation axiom) 7T'|0) =0, i.e. for any A € V,

[T,Y (A, z)] =0.Y(A,z),
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* (locality axiom) all {Y (4, 2)},cy are mutually local.
Roughly speaking, mutual locality implies for any A, B € V, we can expand as

Y (Aw) - B,w)
(z _ w)n—i—l :

Y(A,2)Y(B,w) =

ne”

This is called the operator product expansion (OPE). {A(n) -B } from the
expansion coefficient can be viewed as defining an infinite tower of products. For
simplicity, we will write

Az)=Y(A,z) for AeV.

Then the OPE can be written as

Ay - B(w)
(Z _ w)n+1 :

A(z)B(w) =

neL
We also write, whenever only the singular parts matter,

Ay - B(w)
(z —w)ntl’

A(z)B(w) ~ )

n>0

Given a vertex algebra, we can define its modes Lie algebra

%V := Spang {ygdz FA(z) = A(k)}A .
eV, keZ

The Lie bracket of contour integrals is determined by the OPE,

Mwwmaﬁmw ] ¢Ww¢WWZ ﬁaw

where only the singular part matters in the integration. The Lie bracket is repre-
sented diagrammatically as follows.

O 6 d

Example 10.2 (8v-system). The [ry-system is generated by two bosonic fields
B(z),v(z) with the contractions

h

Z—w

Bz)y(w) ~ ~ =(2)B(w).

The vertex algebra 'V is identified with the differential ring

V =:C[[0'8,0"]): [[n],
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where : : is the normal ordering operator. The general OPE is obtained via Wick
contractions. For example,

2
BN () Bl = L (@8~ Bent): - (A1)
1 contraction 2 contractions
zZ— W k 2
=SB g () () — 08w (w): ———
SoZ W k! (z —w)

Example 10.3 (bc-system). The be-system is generated by two fermionic fields
b(z),c(z) with
h
zZ—w
The vertex algebra V is identified with the differential ring

b(z)c(w) ~

~ c(z)b(w).

V =-C[[8%, dic]): [[H]].

The general OPE is generated in the similar way as the By-system (but we need to
take care of the signs).

More generally, we can define a general 5y — bc system by considering a Zo-
graded space
h = hg @ hy

with an even symplectic pairing
(=, =) : N*h — C.
Let {a;} be a basis of h, then we can define a vertex algebra V}, by
Vi =:C[[0"ai]]: [[H]).
The OPE is generated by
h

zZ—Ww

a;(2)a;j(w) ~ (a;,a;) .

In particular, hg represents the copies of S~v-system; hj represents the copies of

bc-system.

10.2 Chiral deformation of 5y — bc systems

We consider the following data:

o an elliptic curve E (topologically a torus 72) with linear coordinate z such
that z ~z4+ 1~ 24T,

 a graded symplectic space h = ho@h; with an even symplectic pairing (—, —).

This defines a field theory in BV formalism where the space of fields is
E=0"(E)oh
with (—1)-symplectic pair by

w(pr, p2) = /Edz (p1,02), i€ E.
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Note that w has deg = —1 since we need exactly one dz from 1, 3 to be integrated.
The free theory is given by

1/dz<cp,6g0>, p € €.
2 /e

The local quantum observables form exactly Sy — bc system. The propagator is
given by the Szego kernel

= 1
ot~ + regular.
z—w

We would like to consider a general interacting theory by turning on chiral
deformations of the form

which involves only holomorphic derivatives. This is related precisely to the vertex
algebra 4
Vi = C[[0"hY])[[A]

as follows. Define a map
I: th — ﬁloc(g), v = I,),.
Explicitly, if v = 3> 0% ay - - - 0" ayy,, then

L(p) = i/Edsz:a’;lal(go)~'-8fmam(g0).

Here a; € " and a;(p) € W*(E).
Theorem 10.4 ([29]). For any v € Vyv, the chiral deformed theory

1 _
2/ dz (p,0¢) + L,()
E
is UV finite in the sense that the limit
e%]W[L] = lim ehaPEL 6%17 exists.
e—0

Remark 10.5. The proof to the UV finiteness theorem is a bit technical. The reason
is different from topological QM, where we saw that the propagator is bounded
(although not continuous). Here the graph integral is NOT absolute convergent.
See the next section for a geometric interpretation [34] of this fact.

Once we have a well-defined I,,[L] described above, we can formulate the effec-
tive QME

O1L (L] + hALLL] + 5 {LIL], L L]}, = 0

and ask for the condition of v to satisfy the equation. It turns out that the answer
is very simple.

Theorem 10.6 ([29]). Consider v € Vv and the effective functional I,[L] defined
above via the UV finiteness. Then I,[L] satisfies the effective QME

O[] + hALL[E] + {1, [E]L L[]}, = 0

o]0 <
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Remark 10.7. The local quantum observable of the chiral deformed theory is the
vertex algebra H®(Vpv, [, —]). So [§~,—] plays the role of BRST reduction.
Reversing this reasoning, vertex algebras coming from the BRST reduction of free
field realizations can be realized via the model of chiral deformations above.

The above theorem can be glued for a chiral o-model
p: E— X

which produces a bundle V(X) — X of chiral vertex algebras on X. Then the
solution of effective QME asks for a flat connection on V(X) of the form

1
Dzd—kﬁ [%7,—}, such that D? = 0.

Here v € Q' (X, V(X)) and ¢~ is fiberwise chiral mode operator. This can be
viewed as the chiral analogue of Fedosov connection.

10.3 Regularized integral and UV finiteness

The propagator 0~ ! is given by the Szegd kernel which exhibits holomorphic poles
ﬁ along the diagonal. In general, the Feynman diagram involves fzn Q, where Q2
exhibits holomorphic poles of arbitrary order when z; — z;. It turns out that such
looking divergent integral has an intrinsic reqularization via its conformal structure.

For simplicity, we start by considering such an integral fz w. Here X is a
Riemann surface, possibly with boundary 9%, w is a 2-from on ¥ with meromorphic
poles of arbitrary order along a finite set D C 3, such that DN oY = &.

D

)

Let p € D and z be a local coordinate centered at p. Then locally w can be
written as .
w=n

where 7 is smooth, and n € Z. Since the pole order can be arbitrarily large, the

naive fzw is divergent in general. One homological way out of this divergence

problem [34] is as follows. We can decompose w into
w=a+ 9J0,

where « is a 2-form with at most logarithmic pole along D, [ is a (0,1)-form
with arbitrary order of poles along D, and 0 = dz% is the holomorphic de Rham
differential. Such a decomposition exists and is not unique.

Definition 10.8 ([341]). Define the regularized integral

foefoe L

as a recipe to integrate the singular form w on X. It has the following properties
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it does NOT depend on the choice of «, 3,

fz is invariant under conformal transformations,
fz I(-) = faz(_)v
{5 0(—) = Res(—).

The regularized integral extends the usual integral for smooth forms, i.e., the

following diagram is commutative:

— A%(S,«D)
\ /

We can use this to define integrals on configuration space of X

Conf,(X) =X" — A ={(p1,-- ,pn) € X" pi #pj, Vi # j}

and define
][ cAZ(E" *A) = C

Lo=f L] o

It does NOT depend on the choice of the ordering of the factors in ¥"; Fubini-type
theorem holds. This gives an intrinsically regularized meaning for fzn Q, where
is the Feynman diagram integrand. This explains why the theory is UV finite.

10.4 Homological Aspects of BV quantization
Roughly speaking, BV quantization in QFT leads to

o factorization algebra Obs of observables [11],

a chain complex (C,o(Obs), d) via algebraic structure of Obs,

a BV algebra (A, A) describing the zero modes (at L = oo) with a BV inte-
gration map

A — C,
BV

o a C[[A]]-linear map

(—) : Ca(Obs) — A((Rh))

which is the HRG flow from L = 0 to L = oo satisfying the QME (d +
hA) (=) = 0; the QME says that (—) is a chain map intertwining d and hA,

e partition function leading to the index theorem

Index—/BV (1.

Recall in the example of TQM, we have the following data.

o The factorization algebra is the Weyl algebra: Obs = Wa,,.

o The factorization complex is the Hochschild chain complex (Ce(Obs), d).
« BV algebra on zero modes: (A, A) = (Q°(R*™), L,,-1).
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e Free correlation map
(=) 1 Ce(Way) = Q*(R*™)((h)), b+ L1,
o Index = [p, (1) = [ewﬁ/h;l\].

In the example of a 2d chiral QFT, we will have a similar story [23].

10.5 Chiral Chain Complex

Intuitively, chiral chain complex can be viewed as a 2d chiral analogue of Hochschild
chain complex.

dch B
o [11] studies the space of genus 1 conformal blocks (i.e. the Oth elliptic chiral
homology).
o [5] explores the chiral homology for general algebraic curves.

The construction of Beilinson-Drinfeld. Given the following data:
o a category of right D-modules M(X) on X =X,

« a category of right D-modules M(X*®) on X, such that each element M €
M(X?9) is a collection that assigns every finite index set I € S a right D-
module My on the product X' satisfying certain compatibility conditions,

e there is an exact fully faithful embedding
AP M) = M(X5)
via the diagonal map AU) : X «— X7

o M(X?9) carries a (chiral) tensor structure @<,

then a chiral algebra A is a Lie algebraic object via Ais).

Remark 10.9. The chiral algebra A collects all “normal ordering operators.”
We consider the Chevalley-Eilenberg (CE) complex

(C(A),dcr) = (@ Sym., (A&S)Am) ,dCE) .

>0
The chiral homology for this complex is
CM(X,A) = RT'pr(X°,C(A)).
We will focus on f — be system, where the vertex operator algebra (VOA)
VPY=be is the chiral algebra APY~be,

Theorem 10.10 ([23]). Let E be an elliptic curve. Then the HRG flow gives a
map
(“)ag : CME, AT — A((R)
satisfying the QME (de, + hA) (=)9y = 0. Roughly speaking, (—) is defined by
(18 @ On)yi= | (O1(:1):+-Onl0)
En
where (O1(z1) -+ On(2n)) is a local correlator given by the Feynman diagram, and
J[E" is the reqularized integral.
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10.6 2d — 1d reduction

We summarize our discussion as follows.

1d TQM 2d chiral QFT
Associative algebra Vertex/chiral algebra
Hochschild homology Chiral homology
QME (hA + b) (=0 | QME (A +de) (—)py =0
<Ol ® ® O fconf (Sl) <Ol ® e ® On>2d = JCE"L

In physics, the partition functions/correlation functions on elliptic curves are
described by QM on S!.

D’

Now we can define 2d correlation function using reqularized integral fE In 1d,
operators are described by A-cycle gﬁA. These two integrals are not exactly the
same, but related to each other by holomorphic anomaly.

—)aq — Trsc {--2)

Theorem 10.11 ([34]). Let ®(z1,- -, zn;T) be a meromorphic elliptic function on
C™ x H which is holomorphic away from diagonals. Let Ay,--- , A, be n disjoint
A-cycles on the elliptic curve E; = C/(Z & 7Z).

Then the reqularized integral

n
d?z;
(oo

i=1
lies in Oy [ ] Moreover, we have

- dQZZ'
li . dz, P,
?Lnolo En (11—[1 ImT) Tl Z %U(l) 55 ¥

oESy Ac(n)

where Sy, is the permutation group on n. Essentially this means

hmr—)oo
—== averaged @,
n A

where fE" 1s almost holomorphic modular, whereas the averaged fA is quasi-modular.
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The anti-holomorphic dependence has a precise description.

Theorem 10.12 ([35]). Let ® be an almost-elliptic function. Then one has

ayJ[ﬂ B — ][ Dy ® — 2]221 Ress_s, (2 — 2)®).

1<j
Here Y = InllT' This gives the holomorphic anomaly equation.
References
[1] Alexandrov, M., Schwarz, A., Zaboronsky, O., Kontsevich, M. The geometry of

the master equation and topological quantum field theory. International Journal
of Modern Physics A, 12.07.(1997), 1405-1429.

Axelrod, S. and Singer, .M., Chern-Simons Perturbation Theory II. J. Differ.
Geom. 39 (hepth/9304087), 173213 (1993)

Batalin, I. and Vilkovisky, G., Gauge algebra and quantization, Physics
Letters B 102(1), 27-31 (1981).

Bayen, F., Flato, M., Fronsdal, C., Lichnerowicz, A., and Sternheimer, D., De-
formation theory and quantization. I. Deformations of symplectic structures.
Annals of Physics 111, no. 1 (1978): 61-110. Deformation theory and quanti-
zation. II. Physical applications. Annals of Physics 111, no. 1 (1978): 111-151.

Beilinson, A., and Drinfeld, V., Chiral algebras, volume 51, American Math-
ematical Soc., 2004.

Berezin, F.. Feynman path integrals in a phase space. Soviet Physics Uspekhi
23.11 (1980): 763.

Bordemann, M., Deformation quantization: a survey. Journal of Physics: Con-
ference Series. Vol. 103. No. 1. IOP Publishing, 2008.

Bressler, P., Nest, R., and Tsygan, B., Riemann—Roch Theorems via Defor-
mation Quantization, I, Advances in Mathematics 167(1), 1-25 (2002).

Cattaneo, A.S., and Felder, G.. Poisson sigma models and deformation quan-
tization. Modern Physics Letters A 16.04n06 (2001): 179-189.

Coleman, S.. Aspects of symmetry: selected Erice lectures. Cambridge Univer-
sity Press, 1988.

Costello, K. and Gwilliam, O., Factorization algebras in quantum field theory,
Vol 1, 2. Cambridge University Press, 2021.

Costello, K., Renormalization and effective field theory, volume 170 of Math-
ematical Surveys and Monographs, American Mathematical Soc., 2011.

De Wilde, M. and Lecomte, P., Ezistence of star-products and of formal defor-
mations of the Poisson Lie algebra of arbitrary symplectic manifolds. Letters
in Mathematical Physics 7 (1983): 487-496.

Dijkgraaf, R. and Witten, E., Topological gauge theories and group cohomol-
ogy. Communications in Mathematical Physics 129 (1990): 393-429.

Feynman, R., Hibbs, A. and Styer, D., Quantum mechanics and path integrals.
Courier Corporation, 2010.

Feynman, R. and Brown, L., Feynman’s thesis: a new approach to quantum
theory. World Scientific, 2005.

101



REFERENCES

Si Li

[17]
[18]

[19]

[20]

[21]
[22]
[23]

[24]

Fedosov, B., A simple geometrical construction of deformation quantization.
Journal of differential geometry 40.2 (1994): 213-238.

Fedosov, B., Deformation quantization and index theory. Mathematical topics
9 (1996).

Feigin, B., Felder, G. and Shoikhet, B., Hochschild cohomology of the Weyl
algebra and traces in deformation quantization. Duke Mathematical Journal
127 (3) 487 - 517, (2005)

Feigin, B. and Tsygan, B., Riemann-Roch theorem and Lie algebra cohomol-

ogy, in Proceedings of the Winter School "Geometry and Physics", pages
15-52, Circolo Matematico di Palermo, 1989.

Grady, R., Li, Q. and Li, S.. BatalinVilkovisky quantization and the algebraic
index. Advances in Mathematics 317 (2017): 575-639.

Ginzburg, V., Lectures on mnoncommutative geometry. arXiv:math/0506603
(2005).

Gui, Z. and Li, S., Elliptic Trace Map on Chiral Algebras, (12 2021), arXiv:
2112.14572.

Gui, Z., Li. S., and Xu, K., Geometry of localized effective theories, exact semi-
classical approximation and the algebraic index. Communications in Mathe-
matical Physics 382.1 (2021): 441-483.

Kontsevich, M., Feynman diagrams and low-dimensional topology. First Euro-
pean Congress of Mathematics Paris, July 610, 1992: Vol. II: Invited Lectures
(Part 2). Basel: Birkhduser Basel, 1994.

Kontsevich, M, Deformation quantization of Poisson manifolds. Letters in
Mathematical Physics 66 (2003): 157-216.

Lada, T. and Stasheff, J., The resurgence of L-structures in field theory,
Differ. Geom. Appl. 77, 101755 (2021).

Li, S., Feynman graph integrals and almost modular forms, Comm. in Number
Theory and Physics, 6, 2012.

Li, S., Vertex algebras and quantum master equation. J.Diff. Geom. 123 (2023),
no 3, 461 - 521.

Li, S., Classical Mechanics and Geometry. Boston, MA: International Press of
Boston, 2023.

Li, S., Electromagnetism and Geometry. Boston, MA: International Press of
Boston, 2023.

Li, S., Wang, Z., Yang, P., Stochastic Calculus and Hochschild Homology,
arXiv:2501.12360 [math.PR]

Li, S., and Zeng, K., Homotopy algebras in higher spin theory, Adv. Theor.
Math. Phys. 24(3), 757-819 (2020)

Li, S., Zhou, J., Regularized Integrals on Riemann Surfaces and Modular Forms
. Commun. Math. Phys. 388, 14031474 (2021).

Li, S., Zhou, J., Regularized Integrals on Elliptic Curves and Holomorphic
Anomaly Equations. Commun. Math. Phys. 401, pp 613645 (2023).

Loday, J., Cyclic homology. Vol. 301. Springer Science & Business Media, 2013.

Nest, R., and Tsygan, B., Algebraic index theorem. Communications in Math-
ematical Physics 172, 223-262 (1995)

102



REFERENCES

Si Li

Tsygan, B., Cyclic homology. Cyclic homology in non-commutative geometry.
Vol. 121, 73-113. Springer Science & Business Media (2003)

Wang, M., Feynman Graph Integrals on C%. Commun. Math. Phys. 406.5
(2025): 116.

Witten, E., Analytic continuation of Chern-Simons theory. AMS/IP Stud.
Adv. Math 50 (2011): 347.

Zhu, Y., Global vertex operators on Riemann surfaces, Commun. Math. Phys.
165(3), 485-531 (1994).

103



	Introduction
	Action Principle
	Observable Algebra

	Cohomology and Integration
	De Rham Cohomology
	Cohomology v.s. Integration

	Classical Field Theory
	Equation of Motion
	Noether's Theorem
	Gauge Symmetry

	Algebraic Aspects of Symmetry
	Chevalley-Eilenberg Complex
	Differential Graded Lie Algebra (DGLA)
	Homotopy Lie algebra (L-algebra)

	Perturbative Expansion
	Wick's Theorem
	Feynman Graph Expansion
	Green's Function
	Canonical Quantization
	Counter-term and Renormalization

	BRST-BV Formalism
	Quotient and Ghost
	Polyvector Fields
	Batalin-Vilkovisky (BV) Algebra
	Classical BV Master Equation
	Quantum BV Master Equation
	Deformation-Obstruction Theory

	Effective Theory of BV Quantization
	(-1)-shifted Symplectic Structure
	Effective Renormalization
	Heat Kernel Regularization
	UV Finite Theory

	Factorization Algebra
	Prefactorization Algebra
	Factorization Algebra

	Topological Quantum Mechanics
	Deformation quantization
	Fedosov quantization
	Algebraic Index Theorem
	Local Theory
	Global Theory

	Two-dim Chiral QFT
	Vertex algebra
	Chiral deformation of -bc systems
	Regularized integral and UV finiteness
	Homological Aspects of BV quantization
	Chiral Chain Complex
	2d  1d reduction

	References

